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&. SGRVEY Oy BERN UPELITIES AND APPLICATICNS 


Le General Introdustion to UiDlsey Theory 


1.1 Informal, Description of Utility 

The conespt of utility has had a carcer in ceonaic theoxy dauing 
at least from Adam Smitn," during tha comes of which it hag undergom mny 
important acdifications af meaning. Eofors entering into che devails of ths 
soaific farms thst the utility concept has token, wo shall try to indies 
‘the somnon core of meaning: and the pss of probless in which this concept 
has daen uscd. 

les & be an individual who is at 2 given tims prasomted with the 
escessity of chocsing azong o set Of altorrativas 3 By Sys v2cs8 ye US take a 
specific orss01e, supoose A is ir. Jones who is at the market an? ia conpider= 
ing which af the following three items to huy: a steak. four botviies of alik, 
o a bottis cf wine, “hich are Ey,855 and B53 rospactively, To a certain ex= 
tems Ne, Jevos? shoice til) be determined by tho prices of the items, and 


the agornh <7 money ha hes, bus to a certain extend elso hia choice wild be 


GmMcd oes Go hia. If the prices of 


expect thay hic choice will depend saisiy on his valuation of the camodiivies. 
Another term freavently used for this subsective valuation of the differant 


alternatives: is utility. in the example abova, Mr. Jonas! eholes depends om 


tho prices, amd on the utiticy of the itsrs for him, und in the cage in which 


the press ore al. equal, bo zl choose that lism with the greatsss viility. 
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The example given above is typicel of ths way in vbich the notion 
of utility enters inte s jarpe ares c? proniems. Thuse prodvlems ali involve, 
iis one wy or anotheas, en element ef chulee, made by ons or more individvale, 
aqme a set of coveral alternatives. It is thon usally asswat tuat each 
intiwiduel possesses 2 whilaity acsle by which he ranks the alternatives 
ascerding to uxsater er lesser utility, and that the actual choice made by 
Kon depengs in come fixed umy uncon the utility rankings of ths elternatives 
prezentodo 

When uo cinmdine cur original example more closely, w notice sane 
points uhioh bring out souc of the major differences between various con 
copts af ubilitr, We steted that Mi. Jones had three alcernatives: te buy 
a steak, four botiles of milk, or a bottle of wine. But in most cases, a 
consumer is not faceé with that sort of choice. He can usually, within tho 

Rimits Of bin budget, vay all of the liens, or any combinations of them which 
suits his fancy, of nas at aii, Heres in order to take Pull account of 
Mro Jones’ proferances, we mash include in the cet of altermtives, Ey,eook ys: 
ak the avaiinbie courses of acticn he can possibiy cake om tinis occasion, 
Ia our exampie, then, wo muss include noc oaly the utilities of steak, milk, 
and wine, but the wiitities of steak’ aad milk. steak and wins, ote. In the 
past it was frequentiy assumed by economists that in cords: te obtain th: 
utility of & cembination of two items, euch as steak ard wira, it was suffie 
client simiy te edd the etparate utilities cf the itexs arithzetically. 
Riis pavttonler assumption imolies sem rathex special asmmotions about the 
uature of an individuoiic utility scales, and thess were inoreasivsly crite 
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Two sisple examiles shor be enough to convince the reader that. at least 

in sertsin capes this hypothesis is absurd. Lat it bo reqiused to find tie 
ability of 9 cimbinetion of a phonograph era a colleetacn of recardae Clear 
ly this ennno’ be the gum of the vcilities of the phonograph and recor’s 
eaparately, for cach withm: the other has ne value. In this case w may 


sav thet the ts items complement each other. In other cases pairs of itans 


S6UG Wh Gach ctner, 23 for example, weist-watehes and pccket-aucches; 
that is, the utility of tha tue together may be less than the sum of thoiy 
geperate ulily ies, Much controversy in the past contered in attempts to 
define independent sevs of camoditiss, that iz, sets of cameditiss far 
which the utiitty ef 2 combination is the mum of the utilitiss af tm ele- 
ments of the combingcions 

A gecond e:miplis centradicting the hypothesis arises shen the cae 
bination consists of 2 muxker of units of the ssme item. Under the hypothesis 
of additaro utilities, tho midility cf » loaves of bread mist be 
utust ooo + vw (nm times) © mi where u is the utility of one loaf of bread, 
HWASIEr,) MOS) pargole world Geny that a thousand Loaves oP Green ars 2 Uhoa~ 


Rand times as valuable to the: ss oe loaf. ‘his example is- of course, & 
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Special ci» of cammsting commodities, Here the loaves of bread, iis the 


weist-veteh and the nocicet-watoh, compets with each other in the sengs that 


it bestetaraomaanes 
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ons, or et mast; a fow loaves of tread satasfy tho customer's needs, and the 


remainder hate very ii“ile additional widlity. By applying similar reascmug 4 
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utility statos that the utility increase with each additional arit of a 
given itea decaess cualicr the iaresr tha total amount of the? item elready 
pressnt. While this formlecicn of ths principle is cpan to chjections waich 
will bs brought out later on, it can be reformilated to mnt them and ysald 
emirical implications in a field which is otherwise rathor barren of than. 
Guing back to Jones again, <8 spocified that bis choice depends 
partiy on hds utdlity seale, but psrtiy aise on the prices andon hoy puch 
monsy be has. As long as we do not spucify precissly how his choles deponds 
an the atility scale, wo have a theory without predictive value. In the classe 
ieal, theary of consimar behavior, the consumer tas usually asswesi to a 
bis money in sucn a way that ths set of tems ourchaged had the greatest 
utility of ell the sois of gox'is which: could have icon purchassd within the 
customer's incase at tho given prices, Thus, in tho classics! theary three 
variables were involved: prices, utilities, and income, and it was ths task of 
Slassical utility theorists to discover how changes in any of these would 
affect the coosimer'’s buylug patiern. Ts ic possible, and 1+ has been dons 
by many medern theorists, to take a different tack. reducing the set of rele 
vamt varlabice fron three to tro. Again the censumer, or any agent confronted 
| with a choice, casose: among a sev of vostibie alternative courses of avtion, 


i whieh may, as before, ineluce burins otcaks, miik, ar wine. Hewver, in asscos~ 


irg the utility of a particular alternative, say bwing a steak, ne considers ( 


the uginizy of che embire act of perensse, This: includes act enly sraceiving 


the steak, but paying over the prics Commtiiedo The differenca totxcen ths 
& tee types cf malycis lics in the faci. that in the first cass, the valuatics 
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ef the particular alisrnative, depands only on ts individual's Liking 
for cteak, vbsreas iin the seccud case his velustion mst include both his 
expected satisfaction fron the steak and his vaiuation of ths money to pay 
for it. Therefore the price dees not onter direatly in the second cana eas 
variable which cotermims shoics. 
Ovsiously this suppression of the vewlahies of price and incom 
does not simplify the problem af emleining and mredicting consuner‘*a behav~ 
Zor, aiucs theat; varisbies still affect it, only now by vay uf affecting tho 
ut@bity esale iteslf, which in the ether anslyeis had teen considered inde 
pondert ¢f price and inccnes 
Cur formalation of the problem af choice has now ryashed substanzia~ 
aliy the standard rodsrn forp: every imivadval hac a utilivy scale by whict. 
he ranks 411 things, snd sien presented with a choice anong a set of posaihis 
courses of action, ke cheosees that alternstive which is highest in his utility 
80218 o 
So far cur aiscussien has shom us that ame af the major cifferences 
batueen various utility concepts tues i: the vypo of sntliy wich 1s taken to 
he ovalnatad in tha dudivinnalts utility scale. In cur original example. 
certain individual items of consumptioa were ranged in order on Mr, Jonss? 
utility seale, Hownvor, it was found sscosszry to include not mily indivie~ 
val items, tus also all whe possible combinations ci the basic items, Laier 
it was suggsnted that the alternstives ranked should be not simply the possi» 
ble bundles of jtersg to be boughs. but the total value of tho transactions oa? 
buyane inglua.ng the value of the money payment as wold, These three limits of 


alternatives do net exheusi tho cossibulitics, Tf a theery of choice ia to 
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@nsompass ohciees xis ix all situations, 3% murt includes among ths entities 
ranked all the kinis of alternatives which my ba encounterss by an individ- 
ual in ths process af making a decision. So far we have mentioned only the 
individaal mexing decisions in his capacity as consumers But of course 
individeelis mike jecirians in cther than Duying oltastiom, nied im situstican 
where the sxchenge of monmsy is only an f‘ucidontal feature, such ag whewser 
ta go to & wovie oF stay home and werk. In some cases, it seca: reasonable 
Go consider az the alternatives to bo ranued not the particular ects which 
would bo aerried oot as we consequence of 4 decision but the future history 
of the individual «hich he expects to be consequent on bis decision. For 
exemmle, in evaluating the utility of a bottle of wine, the individnal would 
consider not aily his liking for vins, bus all the consequenceas he consaders 
likely to follew fecm its puccaasse Of conrne, this shift fron considest ng 
not only the insediate cxissqnencss of 2 decision but all the expected son. 
sequences throagh tims is only a change o? torninclegy. sines most peopic 
tacitly include thess in detomining the ubiiity of an altarnative., Some 
sach considerations mist bo involved in the calemlation of the whility of 
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vler decisios. cepends not only on the act of buying ar tho imisdicte satisface 


‘ions of tho purshese, bit on ail the consequences capscied to eseras Pron 


be 


wie ye 


< 
2 WN. 28 % 
one nee Ot SATION ART NS SER A RET AN EASE LAER OSL} 1 OUR A AOE 


From the coucideration o. histectes ag raicvant alternatives we 


are ied to conikcer still oncthos kind of prospect: sliarastives invel 
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uncesteiatinos, probapiiitice., or visks. If, in ovraiueting the eiility of 


say, buying a car, a person Muse uke inic account si. the consequemss of 
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this purchase, be myst comider a maser of possibilitice » such as being 


Parvionlsrly clear-cut examlos of zisk situstions arise iin gambling, i witch 
all ths prebeobilities may be knowm cxactly. Suppose that. a man is trying ic 
dseiidn wshather or nct to buy a lottery tickat costing ow: ddiJer with prohe- 
bility « cf winning n daiicrs amd precshiagty lex cof losing the dollar 
he pays Zor the ticket. He mist then compare the utilities of two differant 
futnves ia his effoxb to dacide whothar or not to buy the tickss. The futura 
invoived in not buying the ticket ia certain, at leass with respect. ta the 
outieeme of tho lotiay. Tre futuxs involwed in buying the tichot ie an uns 
tain combinsiion of bso other certain futuras: the fatcuze consequeat on losing 
$4 dollar aml the ax consequext om winming the n doliare. 

The inclusion of uncortein fniimes ce well es certsin onss among 
the set of prospects or alternatives to which tha iudiviecnual acaigns utilitice 
weald ve of Littia intsrest woes ib not for tho fact thal, using sax very 
pasuaible ascumpticns, a vary side relation may be cstablished botween the 
utilitdss ef sure suture progpects and the uidlicies ox uncertain cambinations 
of thess prsmcsts. Fron those assumptions, it 
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a cominaticn of two prospecis, E, and Eo with utilitics u, 
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ang Vp sesnectives 
dy, CGibine iimte a sligie wieertain pstcpoct Gi by wlth probabiliny « end 
Eo with nrobability 2-« . is siuply Unc axpected value of the utilitées of 
these presperiss «u, + (led) wu. Utility grales vhick have the property 
that the wollity of 2 probebility distribution of sure prospects is the ax 
pected value of the utilities of those prespects are calisd Bermmuvtixzen 
utilities after Daniel Rernovlli who was the first is make such an assumption, 
Throvehezs the foregoing discussion, we have agsuocd That the agent 


confronted with a docision is a single person, Tor oarchalogical reasons, 
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pevheps, it scems most eeasomible te agply utility theories +o individasis, 
since we feel that wo have scme insight into tae procass cf Gsojaion asking 
by thea, There is, howver, sc logical reason why a utility type <f malyais 
camot be extemied to other tyons of cgants confronted with the nooessity af 
mking decisicns, such ac amies, business enterprisss. and goverments. in 
the iheosy of consumary beturvicr, the basic consumer unit for many parposse 7% 
taken to be not the simgie percon but the hovsshdld he vepreasntso In this 
case, it is aopropriato to talk cf the utility scale of the household, and 
of buying to maximise tho utility af the household within the limitations 
ef the houschdid’s incars,. The fact that we assign ubility scales to erganie 
gations comosed of nany people whe will in general have utility scales af 
their own brings up another prehlem wich we oly aaniicn here, This is the 
question of how the utility ccale of on ogeragation is reiated ev the utilite 
scales cf the imiividusle camosing iv 
Led ve rennniiulate mw utility theary and sare of its related pre- 
biems, The theory imreiveg an agent, A, confsoted with meking a decision 
among & cortein set of pousible altervativec, Bypoeeosh» those being variously 
interproted as actions cr ac the outemesy of ch actien. A ranks tho sltez» 
natives accordim: to a widlity scale. and setects that with the hickost usib- 
itv. Wo have soon that the individual, A, may stand for differsnt sorts of 
GMweltises, both likss amd snclaciwlcnai, and thet the cet of slternetiess, 


Ey socech, may also bo differently interpreted in differant types of wily 


theory, Om: farther quentica, not sc far raised. is that sich eekn wavt 
sort ef thing the utility seale is. 
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PERRO BI 


ds 


11i 2? Rane easow 
Ps ° owerers = eee «| 


ee eee 


ed 


att: argh 


Ss ieiahttels deaeshetnieainath a bennatentineetes eal oat taaneme LT 


er a RT RTT A pF RII, CRNA _ auitliams ences: one area am ee 
ee ere - ae ee ee cern OE FT 8 DTS 
—— Te nm es " 


al 


fa 


with a decision among sitornatives EB, sE5e seesk s We asmume thet A renks 
the alternatives in soms mamer by preference; that is, for ary two alter= 
natives, Ey ant Bes A ip ole to say either that he prefers Hy to E. or 
E, to B,, om that ho is indifferem between them. Une sizon placcl on 

the utility scsle mot certainly bo thet it veflect A's prefereme pattern; 
that is. if one alternative is preferred to ancthor, ths first must have greacn 
er utility thes <>: setend, ami if the ixo eliernstives are equaliv preferred 
their utlilitées msi be equal, We can formalize this condition by saying 

that « uility seale is a function, which we designate u;, chich is efimd 

for the ent af alternatives E,,600;B,. such that for ali i + Lposesn: a(E,) 

ig a reel mmber, and which must satisfy the following sondicvions 


> 
Sf snd miy If B is preferred tc E , This condivion simply statec in a 


formal way that the utility function, u, reflects the individual's prefaro 


Thore is so centroversy in ve charactsrivation of tae utility funce 
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tion to this point, ond it is vorth pointing out that evon such un opparentiy 


trivial con’ tien as (1) has sose empirical conssquinces, Ths miss important 


consaquens= is that the incivvridual's preference ordering of the alternatires 


mush be translterve,s 1.Ge, 22 5, 
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musi, be preforred to 5,. If this wore mb the case, and there existed sons 

n x i m each s - Fecxts Nes - tO Bas . 
preference cixcles"™ cuth os E; preferred to E 4? BE. to Ey, and E, to B55 
then no funcidon u could exist satisfying condition (1), The requirement of 
transitivity is often referred to as the requiremem, of commstency. 


& However, requiranent (1) is rather weak, aincs if u ia any function 


satisfying (iL). any other functicn v, which satisfies the conditian that 
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for ali x and yp 
(2) wlx)> vy) if and only if u(x) > uly) 


clso satisfies conditicn (1}. Thus, for exesple, the Punctions 20, w+ 3, 
ana e"@ also catiaty condition (1). Any tuo functios satisfying condition (Z} 
ana said to te monstomically related, or om is called a monctonic trans« 


ay 


formaticn af tas other, Conditisn (2) 3a satdaiied by every monvuiunic trans 
foreation of u if it is satisfied by wu. and ve say that condition (1) dafinss 
a utiléiss forchion uniquely only up to a mongtonic transformation, In general, 
i? a condition is given which defines a Munction, u, only up to i monotonic 
trensformaticn, the only vhing of significance about the velues of u are the 
relative magritwiss of u(x) and u(y) fer amy two arguusnts, z and y, for 
which the furckio: is defined. The ebsclnto nagnitude, u(x), or the mzerical, 
veius of the differences ufxi<n(y) is zensrally witheut significanse, sisce 

we can alwys replaca u dy another monctomicslly related function v and have 
g(x) and v(xjeefy) eseure arbitrary values (ap long as vix)eviy) has the 

game sign as u(x)en(y). Throughout the histery of oconomicr, other comiitions 
have been pleced on the utility function, but condition (1) is tes only one 
oy which there nas toen gsemsrai agrssment. Thore etoncmisis ene came tu be]- 
licve that (7) is the only meaningfu? condition toe te placed or the utility 
fusetaon were: often led to the senolugion that 2% would bo better to discard 
the wihility fuustion entirely, and work directly with the individual's prefor~ 
epee pattarn. sime vhe wiility function tolls vs no more then tho preferance 
funstion, anc has the psychological disadvantage of appearing to contain more 
significane: than it actually has, This pogition knew ag Ordinalism because 
it holds that. the only significance oc the utility function is the erdering 


it assigns s¢ the alternatives according to thoir utility vaives. Uonteasted 
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with the “ordinalist school” are varicus “cardinalist schools" which by plac 
ing additional restrictions on the utility fumotion, are able to defim utile 
ity fusrtions with more signiticence than the ordering thay assign to the alter 
natives. 

Because the uiility functicns defined br different aets of conditicas 
often resexdle each cther in mathevatical respects, it has sometines becn 
assumed that the farctions defined by two differant sats of comiitdians are 
the same, Logicsily Vers is no cvosson uny this chwild be truc, and if it 
is tras, it ctonds in necd of a rigureas justification raich is not wually 
given, {his 1.ast rervuvk wiil be emplificd beict, 

én early sconomists' assurnticn that the utility of a combination 
of items is oqual to the mm of the utilities of the Liems wos mentiansad 
earlier. We can express Liis assumption 11 terms of the utilaty function, u, 
as follows: ict B; and Ey be m0 distinct consumption items. and let 


E,%55 be the item which congisis af FE, and Bs together, Then 


(3) ufE*€ 5) = ufB, ) ° ulEs). 


Condition (3) on tho utdiity function is clearly much stricter than condition 
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(Lj in tho sense that many factions uhich catisty (1) do nos eatiafy (3) 
The general, problem uf dotermining tbe set of functions satisfying (3) is not 
eampletely sclved; heevor, elth a faw additional pleusibie asswapiloas 
(including condition (1) St can be shown that the functions satisfying 

thssc agsumpiions are unique wo to meltipiication by 2 positive constants 


That is, if u satisfies these conditions, then tre ally other functions v 


for sams pocit.cs number in 
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A sve of conditions shicn restrict tha utility function so nar 
rowly as those satisfying equation (i) above are aaia to yield a carding: 
mesaxre of utinity. A parallel example of « cardinsl measure iz the cam of 
ssasurement of phyuical mass, in which the scte2] value of tha maces msaszure= 
ment fer any particular body js determined once & unit of measurarert is 
fixed, Similarly, under the conditions m="*saned above, the masurensnt of 
utility io umiguely determined once a unit of magureament (often eetied 4 
utile) is fired ony lont of the carly econowists aszumed thni utilities, 
‘Like most of the prvsieni masnrenents mom to the science of their time, 
ware eerdinally measurable. Fron this assumstion it was essay for them to 
take e sti1l farther step and essuc2 that the utility measures of different 
ind’vidaals ware comarables, That is, i+ was assumed that it is meaningful 
to speak, for emompls, of c givan alternetive as baviag twice as muse wisi 
for individual A as for individnos! 2. Under o utilitarian cystes of athics, 


in wiieh ethical cood is bavyed on individual uwiilitics, whe iaterpersemal 


EW = ee RIVL 


comparability of utiliuy scales weiid makc it possible to Calbing ths wulitics 


of individuals se an to obtain a tetas social utility which couse be mado 
tke basis of social policy rocomssndat.acc. 

This Last applicabicn of wtivity Meory ic proporiy a pur of 
welfare qoonmcnics, which is that part cf econcaics which takes for lta 
task the recemmendution ef sccial palicy in the ecanomic arnovs, Hecansa 
cf the utiliterian hent of prevailing serial philosophy in Encliend and the 
United States. theoriss of weltare economics in thsse countries have often 


been bused gn an widsclying ublilliy theery., 


On page Ll ateve. uo aliudad to eertein aiffieuities in defining 
@ social wifere fanolion banca on ths cardinsi ctiliries of individuaise 
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S In general, cardinal neasures may be defined in several veye. depending 
on what casditions the ubility function is expected to satisfy. As we heve 
geen, condition (3) with a few additiona). assumptions defines a cardinal 
measure of wiility. Tie vemval theory of utilities with risks leads to 
another cardire) aaasurea. Waich is to be taken to se in same sense ae the 
messure of the inmvidusiis good? One should note om reading over the con~ 
ditions pieced on the utility fonction that these do not uccessarisy guarante> 
that the function sstisfvine the conditions yields a trae reasare of the 
anoum of asiisfaction snich the individual expects to gain from the ranmd 
alternatives, The posaibility that a given cardinal utility usasnre may 
net be 2 mezsure of the individual's goed has been grounde for criticism of 
many proposed cardinal utils, measures," OF course, this criticisn would 
be pointless if the cardinel utility in question wore intended only to 
predict the vehavier of individaals, or tc predict general consumer trends; 
often, howaver; tha main reason for constructing cardi: utility scales has 
heen in order to use thom as a busis Lor policy socamendetions, 


Ctrer schools of usifars ecommics attenot te build social policies 
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on cedinal utilities salon. A rather simple use of these in this connection 
ig in voting, in which, in its sispicss serm, each individhal inditates which 
of two alternativea he prstors, Clner wore cuuplicated schemss have peen 
considernd, whic will be discussed in section 3. The question ef the 
negivizecy of comaring ordinal utility seales of individuals may arise here 
jast as it arises with yegpact to carding’. utilities. 

We ave now bricfly outlined the main ereas of applicatia of utility 
theory, Ons area involves the croblems of explaining and predicting individual 
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behavior in choice sitcations on the assumption that tris behavior ie in accord- 


ance with a utility scale, In this area ie inciuded a variety «€ thecises 
which are roughly subdivided as ordinal snd cardinal cccerijag to the condi- 
tions they plese an the utili~@ functions. The secon! major arse inclauibsa 
applioxtion to prebless involving the ageregation or comparison of individwel 
utilities. In this arsa too, the thecwies may ve based on either ordinal o: 
comings utilitées. a second way of subdividing this area is according to 
whethee tho theory is normative or dsrcriptive. Welfare economics, ay a 
nsory providing cegulative (i.e.;, normative) principles, falls in the first 
af those categories. Until recently walfsre econcmics was the only discipline 
making use of utlli¢cy in this arca, There ore nov, however, sowe theoriss 
which fall? into the descriptive category cf this second area, These taccrices 


attempt to ascribe the way in which interaction influences utilities, and in © 


what way utilities of individusls misc ve aggrogated to form a group utility 


meeting cortein specifications, Thies report deele with whiliities of iniivi. 
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1.02 Formiiestion of Utility Theary 

We have cow scached a point in cur discesadion at ubich it may bs 
profitable to introduce a few formal. mathematical notations for saze of the 
impatient Gomcpus Gf whibaty theary. Ths seader will ts easumed ta to 
familiar with such cliementary mathematical notions as these ci a sot. class 
membership reistion, furetion, real mrmmiber, and the slaniard mathexstéeal 
notations far thesde 

We shall, be concerned with the ubilities and preferences of one 
individpal, K will denote the set of alternatives which are ranked by ths 
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@ individual. Previoudy we have denotsd the alternatives by Fhscecsipt howe | 
evxr, wa Go nob wich to limit tho altarmtives to a finite or even countebly | 
infinite mmber. In case we want te includs proability distributions of | 
sare alternatives, there must be a cuitinoum of alvernctivess therefore K | 
is an arbitrary non=amiy sate | 

The individval's proference~cai~-in difference relation is denoted by 

! 


"> Thos if x aml y are elexanzts of X; then 


means Shat the indiv. dval either profecs © to y or is indifferent betwee: a 
asd yo Hereeforth x > y wilh be reas as 'x is prefervsd or indifferent ic ye! 
We bays taken the relation of pretert acosor-indi?ference an basic becausa boil 
the ruiation af proference and tho velation of indifference are definable in 
terms of this one relation, R . *e infine the Indifference relation for ‘ks 


individual, denoted "<7 ag follows: for cit x and y in Ka 


(6) xowy & gg E> y¥ EMA TD Ko a | 
Ths profercnte relat.cai, %>5 is defined in terms of "2" and “Yo,” : | 
1 
for ail x ond y in K.. 3 i 
. -\ 4 
(7) w>¥ 2 gp RS y and rot xavyit} i 
at 3 
Finally, “ut denotes the individual's utility function, Then, for l 
all xc K,-a(x} Le a roel nuzber, + 
Wo aisli tas N >, and 2 ag hesic notions in an antomatia teeeties | 
of utility. ‘| 
ae misao ea pease ; 
(1) This is reads %: is preferred to y" and means tix? individual aither ‘ 
profers x to y oF is indiffersxt hetiecn tham, bas he in not indiffersnt | 
tetwesn thesgs om in the cinplifaed madins. = ie preferradworeindirfersni: 
te yy, bet £ as woo Lixitxerent £9 y. 
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Wo are now in o position to restate formaily sae of the fundamentals 
of utility theory, and somo of the defining features of its variants. In 


theeey of comemmer behrvier with which we besun cor discussion of wala 


the ftheary eons 
sheary, we are coneerned with 2 single individual, It is true, thet in oder 
to be usefil. to econamies, the conser theory smct be applicable to a Large 
mumaber af people, inv: in this case crly an a statistical aggregate of ths 
behavior a? incependent asenis,. Therefore, as a first spproximation, tae 
prodpiem of predicting the bohavicr of an jndividual in solved for individazss 
eho ava acsumed to ant ircopondently. and from these the consumption patterns 
of the cormminity arc dnrived, using svitable eassumiions abow. uniformity of 
individual tastes. 

Differences between approaches to consumsr Lonavicr appear un tho 
differant synes of ontities inken te be muibers of KR. Eaoh interpretation 
fer ths class X leads to a different tyne of tility theory. Below ars 
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(jwemies with which they ars cascciatods 

(a) K de the set o2 camodity bundles, This Isads to a theory based 
en indopomicnt wariacies of price ani income which sugesner determmins the 
gat of possible alsornativss from which consumers may choose, This is tho 
usual intermrctation in the classical theory of consumer behayitrys 

(bt K consists of comncdity bundies tegether with their prices. 


No oxistin: theories arc bascd Airactiy om this interpretation, bat this is 


an intervoitimy stage betxeen interpretations (a) and (c}, A consumer theory 


based on isierprotation {b) «ould ov much Jitke the classics? theory: in fact, 
riassical cheory can be imterprcticd in tis way. wera the uvllite a? momsy 


2 ineleded vith tho utility of suy commodiiy bundle to detormins its total 


be 3 
utility, The conerstual cifverene> temmen fa} and (b) is that in (hb) ve 


i. Seo for oxamplie, Semeisan. [5] o. 99 
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consider the total utility ai any aiternative act, which, if che aut is 
buying, includes paymant of the price. 
{c) K coneists of total histories expectad tc be consequent on cay 
given deeisic:e ‘The only difference between (b) and (c) is that in (c) 
attention is fosuset an the consequences af the decision, and in (i) we appear 
to he concorned with the decision itself, We would ezrect that tbe utility 
arrived at in esch case would be the ase, uhether w= wre to fousider the 
actual decision, or the cousequences of the cecisniine 
(d) K contains, in addition te sure alternatives like those of (b). 
prebebility distributions over these alternatives, With suitable axioms, 
this interpretation leads to the thcory of Borncullian utilities mentionad 
on page To This theory is then used to bundle problems ct individusl reac- 
tiéong to risk, such us in gomes, gavoling, ami purchase of insuramse 
{eo} R contains histories es in (c), and probability distributions 
over histaries, Like th diffsreune bhatwon interpretations (c} and (b), 
intereretaiions (s} and (d) de act differ as much in content as in emphases 
in parts 2 =); of this report wo shail. be concerned principally 
with theories of utilities umicr risk, cinso w sre omitting the classical 
theery cf consumer vonavicr, When wa come to ecivars economics, we shall 
emcoumter chill other interpretetioss fer the class K 
45 wo hevc used them so far, the prefercncevandeindifferance reales 
tion and the derived preferences roletion have been nothing bet stepping.» 
stones to tim definition of the utiisty function, gine: the utility function 
telis us ait) icast 05 mech snout the individual's mreforance field ss dass 
the preference ralation tecanss of condition (1), (psze 9). Nevertheless, 


we heave pointed ous chat tho relation R rast satisfy corvain conditions in 
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order that there exist any utility function, u, which satisfies comtition (1). 


One of these conditica: on the relation > is the requirezent; of consiatenny 
mentioned on page 9. This reqvircmeni, can be formalized by the couditios 
that > mst be o weak ordering. In order for R to be a wek ordering; 3k 
must satisfy the two cosditions (8) and (9). 

(8) For oll x and y in kK; either z> yory> x3 


~~ 


9) Par ctl xy yz and 3 in Ky x>y and y 2 2 imly x2 a. 

The condition imposed in (2) states thas > ic 2 connected relations in none 
formal langnise, & conuscted relation ic om sach that fer any two items 

x and y, elthor x stands in the given relstion to y, or y stands in that 
relation to =, fhe reqiiromert of comctedness then simply states that 
for any two alternotives x and y, aithor x is preferred or indifferent to 
yor y is srwesesd or intiffersst te x, ere this condition oot vo hdid, 


wh Lhab neither waa preferred to the oiher 


and which were yet nol equally preferable. Wo would oxect that alternatives 


are cevgarable, amd hence that > satisfy the condition of commectedness. 

Condition ($) is called the roquirawns of transitivity, alresdy 
mentioned above. This condition, too, is ons which we would expect to te 
satisfied by reisvion > - 

Ths definitions (6) and (7) of tho indifference ana preference 
relations together with the conditicns ef consectcdness and transitivity 
logically imsly conditions (10) ~ (1h) below. These conditions are listed 
to show that fea tne cofinitions and connectedness and transitivity follow 


many of the comsdikions which = would expors > 4» aw, and > te antisfro 
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(10) Hor sll x and y in K, emotly one of the following halds: 
x>Yy,x~vy, oy>x, 

(21) For aii x wud y and 2 in K, 
x>y end y>s imiy x> a. 


} For of}. = ami y in &; 


_x>y implies not y > x. 
(13) For ali x, yy and 2 in EF. 
RaeFy ani yu saply xAru, 


(Us) For e32) x and y ink; 


Z~vy iwplies yv x. 


The reader can easily verify that tiose and ether conditions wirich he sould 
emect to be satisfied by 2- > , amd ~w do follow from (6), (7), (8), and 
(9). 

Condition (13) is coserving of svecial attention, This conditdon 
implics that for any sequence of aiternatives, Fy 2%po0000%,9 auch that the 
relation of indifference hedids botwoen any two succeeding pairs, that is, 
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it mas Lollow that the tirst stands im the reletion of indifference to the 
leash: xv X,9 t4, is cesy to imagine a sequome of choices euch thet we are 


wane S 
umabie to dioxwrininatec betwect amy two suceeeding ones, but for uhdich w 
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Vi 
situation is analogezs to the case ef mass measuramsnts by means ef’ an equal 
arm Dalence, Equality of tase of te bodies ie ueuslly qerationally definsd 


tC mean thas tha basance rexcins level whon the tuo bodies are pleced in ths 


= balance pans, Bo balance is perfectiy scnusitives,, nessvrac, and ve may hare 
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A sequence of weights w,>ccest, each of which differs in usight fran the 
adjacent om by eo gall an amount as to bs umivtectabis on tis belancc, 
but, for which ts extremes, w, and =, .» 4 differ detectably. We may adopt 
one of two attitudes towards cw: theory which wiil slice us to maintain +: 
in epite of its q@parent cmmtradiction of the fantee Wo:nay aneiee that owins 


though ths thsosy 6655 not fit reality smotly, it is a closes snough apprade 


mation to be useful, Or we ray agmme thet our zeasuring instruments - the 
balamss and the agent's subgective feelings « ove nant. sorfechiv anmrsta. 


wo have stated above tho funcaeental condition which the utility 
fanction must satisfy (condition (1), page 1033 it must reflect the individ- 
ual’s proferencs-ormindifference relation, Yhis condition is easily restated 
$m terme of the relation >: 
(2) for ell x and y in Ky x>y if ami only if u(x) = uly). 
It is a necessary condition for a utility function to exist satisfying (2) 
that > be a weak orcoring, se defined by conditions (8) and (9). This is 
met a sufficient cendition, for it can be show that there are este K with 
week exderings, 2 » far vitich there exists no function saticfying condition 
(1). However, we may regard these ss pathalagical cases, and in all the 
instances we shall be considering, the cxistonce of a utility funciies is 
assured if = is 4 weak orderizc. 

We have noted further that if condition (1) as the oily condibden 
Placed on up ign a in determined only uw to a monotonic transformations 
This ia a very weak restriction on », and there would be very little advate. 
tage fo be derived rrom vericing with the utility function rather than the 
preiereice-creindiffersncs relation itself ware 20 more emnditsans dmmnsod 


upon u than conditien (1), In classical czonomie theury of consuasr beher- 


ime, X eeansishe ar diffarent. con modity Mindies whieh arm weeremants) ber 
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veoters <5 xip9 e0e9%,>> vhere X, sepresents en auount of the i'th commodity. 
Then fer sny given vector, there is a utility, uly, Xss02%,)Jeo It ia 
uscally aseunsd that au is differentiable vith respect to each of ite n argue 
ment viaens; that is, that 


Ae 


oxists f@ 121, 2,0.55% Thic restriction has sone ezpirical significame 
since there are reintions > for which there are utility fonctions satisfying 
condition (2) bub nome satisfying both condition (2) ani the uiffsrenbiabilety 
condition et ihe same time. Noverthsless, the differontiability restriction 
eerves mainly ep conventional purpose in that it holpedus to marrow dom the 
class of cligibie ulility functions, and its ompirical significance is gsa- 
eraliy disregectsa. Tha classical theory of cmsumer behavior ig presented 
chicfiy im the fom of differential equatiors based on a differentishic utile 
ity function, Wo ehali net cevslio> this formalisa since ciassical econmtio 
theory is not a part of this studye 

Another ‘type of reutriction on the whility function, which boo 
much more empirical significances than differentiability is on which states 
gimis relatio: betwoen tho utility of o eaiinstion of alternmetivean and the 
utilities of the alternatives of which the combination is camosed. We have 
already encowtered cre guch coudition; condition (3) on page li: 
(3) u(x, ¥x,) = u(x, ) % @(%5)- 
Hare = and ‘f, ere comoedity sunsies in K, anc Big HQ RS the bundle witch is 
the sum of tae teo. This candition has the dechle function of placing a very 
strong reetriction on the admissible utility function, and at the sav edema 


requiring that vory strict conditions be catisficd by the relation an 


erder that say fansticn at si) ovict satistying (2) end (3). We csn ilimjbrats 
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the epirics? elmificanc of this relation in the folloxing way. Let 
% contain ali. ecemodity bundles <X2% > emnaisting of just two basic 


camodities, bread and milk, 
and let. u(x, 25) be the while 
ity of x, loaves of bread and 
X, quarts of milk, Then a 
comimtion of two bundles 


stant utility dicfcrences are represented by Lincs a cmetant distance apart. 
The fact thas the lings of eonstant utility are straicht conntitmies a restrice 
tion om > , since these limes reelly roprescns sets of points sich are all 
irdifferant, to each other. In senerai, there is no reason to suppose thas 


the sot of points reprosenting indifforont camodity bundles saould 


w22es 
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on a straight lias, end if they de, it is ar empirically signiticant facie 


% can be shown that a nacessary candiiion toe & utilioay function to arise 


catiefyimg (2) and (3) dn that the ests 
indifferency curves « Sc straight Lincs, On the other bani, tis 
constant utility differences are reprecenisd by Linss a constant 


apart docs 10% impiy eny additacial restriction cx > becausc > 


ao? indi¢farens points © called 


fact that 


iy spocitvied shon the indi fferente curves and the preferences among them are 


given, This means that it is immaterias which utility is assigned to the 
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points on cre indifferense line as long 99 the utilivies assigned for the 
different linss increare with the distance from the origin. ws mattor 
which way wtilitées are assigrsd in uccordancs =tth the above condition, 
the correspcading preference-or~indifference relations, a2 defined Sy 
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ceadition (3), wiki be ths sate 
For seme purpeces condition (3) is replaced by (3a) or (3d)+ 
(3e) a(x) © a(x) + aly) 
and 
{33} a(xer) > a(x) «= uf}. 
Like condition (3), “hase aiso have both an ompirical and a conventional 


gignificanoc, ieGe, ticy imply nazsthing chovt > » and they sevve to 


restrict tho svt of utility functions more uoermily than dees condition (L)o 
Condition (3) is called a conditicn of iadapendences Thus vite’, 


+uore is littie reason Go bolievo that amr ordicary sot of altecnatives, FE, 


2D ont, pene ede anls bn 
—~ 


should satisfy ite However, 2t 1s fruqmmntiy oF iitersst wo soak find 
independent sibsets of K. say sts Xs aiid K> one of which may represent 
wmounts of clothing, which sebisfy the contdicien: for all x, in B, and 


nfsyiing) = 2y(alay)) + Sp(olz, 3) 
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Another way of combining elternativses is in probability distribe 


tions, st ¢ and y he fin montbers of Ky and int 4 be a probabitiiv, ks 


Eee SG =m with wrohabidite « unl 
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define <Ax; (19 4 ly? as & prospect of alternative = ul 


y with sacar det s For example, suppose X is “go to a movie", ¥ is 
"study" and «<4, then Cex tinuly> is tho prospect af Flipping a fair 


coin to cclormine unstacr to go to a moric ur oo study. If s is "play bridge™ 


(2) See eno Frisch, [1ij , or Fisher [4] 
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then ‘s 
Z > AxXs (IM) y 

means playing bridge is preferred to iuicing a 50-50 chance of golog to a 

merie or sbudrirg, 


ta ibe cass of Bornoullion Utilities, with which we ars concerned 


in Part I of thi: report, the utility of a combination of alternatives 
according to certain probabllitice is simpiy the expectcs value of the 
wtdlitaes af the aliernatives, In teras of the probability combination 


operation this cendition ie feslatced’: for all x and y in Ey and for O< « <¥h 


(35) atx «x, (len) y >) = 4 u(x) + (Ina) aly) 


ee sietaiten - oan se Pec ee ee ° pt 
Bike condiiion (3) this condiiion places restrictions on the relabienr 


> and on the function us 
finally, wo indicate briefly soue of the proposed ways of coxbin~ 


ing utilities or praferences oY undiviau “OQ obtain 2 social utdlicy or 
mrefevence rolaiion, The most covious rothod of obtaining a social wiility | 
for a grup, S » Aj,sosesk,, 5 o£ individuals is simply to sum their ingivide 
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In omation (16). u is we ecclal utiliiy func edu, 3s we Toy 


tals 
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is te be moamingful. s40 uct an artifact ef an arbitrary gslection of the 
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individual utility funccions from a coliection of equally eligible ces, 
reguires bist individusl utility ecsles bs uniquely covormimsd except fer 
their zere scizte, If tha particwiar choices af imhivides! wallity Parctions 


are more arbitrary whan simoly svaceiing origins, then the stcial uidiser 
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fonction wtained by adding individual utility functicne velected in om | 
way may differ Scom that obtainsd fron individual utility fonctions selected | 
in another way; this difference may be so cress that an aiteritive, % 
which is preferred to another altcrnatiéive, y, according to the first social | 

utility my reverse its relation ta vy in the second utiiity fonotdvus 246 

none of the conditions so far introduced defines a utility function umiquely 

axcept vor a choice of soro yaint, it follows that a social utility fonction 

Gefined according +o equation (16) and based on indSvidual utilities defined 

‘from these conditions mast he avcbitrary. and may yiold different orderings 

of the alternatives. 

Whiie 3% is pessible to define & coal utility from individnal 


utilities in may ways. we would like to require that the sociel utility funce 


yy 


when the individual utilities differ only in arbitrary selection. By 'sube 


lot 


stantially the sazs* ue ann that tho teo utility fumeiions shosld assign 
the seme ordering to the same sltarmatives, 


Gus way of avoiding the difficulties intreduced by the arovlirari- 


SUE Lysate 


nsea of the utility functions is to defime a social preferennpcoroindifferencs 


4 relation directly in terms of the individual preference-or~indicfercnec roLae 


xs 
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é &re their crererenco rolations, uo cen venrascnc = , the dspendence of the 
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g social. ordering upon them, as foliows: | 
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Herve £ is a funcibion of n ersument places Whose argumeissa are 


relotiims and whosa vweiuas are relations. ‘the fact that fumeticnal notaizcu 


¢ is usually associaisd with functions shcse argmmerts and voluaa are mamosr5 
ghuuld cob confuse Gho Locus. for Fis siepis 2 pwie ecsianting to agch nerti~ 


enlar got, of indivienal preverenne-orsindifferonce relations a definite socish 
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preferanes-or-indiffaremse relation (altermtively called a scoial ordering 
ar eocial welfare function). The problom of wifare sconanles 25 generaliy 


poced at present ie fact what sort of function should be aeleoted, The 


fact that social preferences are to bs based on individual pressreases Sows 
that our governing ideals have a utilitarian aid desceratic basis, But jest 
what this relation aiovld be is stil). very much in question, 


103 Questions of Interpretation emt Cnfirmation 
There are to fundamentally different uays of interpreting utéiityr 
thoory, each deriving firm the uze to which the theory is put. Fhe first 
use is as a csseriptive theory about actual, individual behavior, om purport~ 
ing *o describe and predict how individmals act in situations of chalice. 
An example ot thie is the attazot in tie thaary of consumer behavior fo pre- 
dict the behavior of a large nimer of individuals and tmis the behavier af 
tha merkss, <A socend suggested interpretation in that uiflity theory is a 
L definition of ratior-iity, By this is moant taat utdlity theory does not 
neressarisy dsseribe vhst an actual person would do in & civen situation 


but, states instead what a supremely intelligent person would ¢o in the sare 


ar 


Situaticn, ‘fhe different treahamti of the pruferemee ordering of individuals 
will serva to illustrote the difference betwecn utlidty as a descriptive 
theary and utility as a definition of retioaliny, Under the first icterpre- 
teiticn, each pexgca‘s prefercnee ordering mast bo transitive to satisfr the 


axloze, Tho orefarenra orderings of som: individuals, however, might con- 
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r recviremenmt amd scan to bo inconsistent sets of preferences, Thass “incon 

‘ Glstencies® might bo axjpiainsd ty tao hypothesis that the individus! is 
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i practically incapable of Imeping 411. his preferences in mind at cance and of Y 
working out the {02 ioplications and logical interrelaticas among then. { 
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This ergumont is based or an implicit transformation of utility theory frou 
a descriptive theary to a definiticn of ration cheiee making behavicer, and 
explaing actual behavior in terms of morc or Jess deviation irom ths rational 
mm, These two inicpretations of utility might be compared to tye possible 
interpretatios of a theory of logic; as a5 @ dsseription of actma) think- 
ang precsssas, the other as a definition of correct thinking processes. 

These two intezprotations of whiliity are not unrelated, and it mw 
actucliy to Seecihte at times to take tho definitien of rationality as a 
good sppruximation to actuality: It is assumed that each individual tries 
to be rational, ices, izies to determins ths best means of attaining his 
desired ends, just as a person tries to think logically, though he may 
fnvoluntariiy fail ia both cases. If the chaica cituetion with which the 
person is confronted in nst too complicatsd, he may be able to think virough 
meat of the alternatives and treir implications, smi arrive at a rationsi 
set of preferences, in siiich case the definitian of rationality becasss a 
Gsscriptive theory. 

Tho thin! besic interpretation of utility is as a measure of ethical 


(Rood. The problem hare is to determina what, in seme senes, in the "pest" 


action for a society or its goverment. to tai, given the utility asales af 
the individuals caaposing it. Urilike the firsi, tum theories, which are scon= 
cerned pxinariiy with cingie individusle, the iuat tueory becomes interesting 
enly “hen the peaiics is tc isteaaine the action of a sotiety of mera thea 

ons indivimal, A sociviy compascd of a single indiriduel, a "Rohinson Crusoe" 
society, 2:98 mo ethical probleme because it sizply actvg in accordanse with 

the utility scais of its one mrber, Under uidliterian cities, “utiitiy foe 


individuel A" and “geod for individuel AY aro identified, and the provilem is 
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C scmehow to Grvive @ social good, or utility, from thse individusl utilitiss, 
seme of séich may bs in conflict, Wo shell be concornsd ovly with the first 
tun interpretaticns throughout the rest of this reporte 

Befars @iscussing special problens of interpretation and confima- 

tion peenificr to the three differnnt kinds of utility theory, we might point 
out in a gemyral way bow these three types uf interpretation affect the 
problem of confizmation, In uidlity ss a descriptive theory, the problem 
of confixmation im like that for other sclentifin thearisss if the theary 
is true, thon the statements of the theory must describe actual behavior, 
Henee 4 42 necessary to campile coservailais of inlividusl henavior in 
eheles situations and see wisthe: they cizrespend with “hat ths theory prodictea- 
While this eonfrentetion with experience is, a8 we shall see; not very straighnt~ 
forward for wtdlity theory, it 28 at least feliziy clear that. sorte af tests 


the theory mast mast succcesfullvy in order to be actoptabia, The ardinwy 


notion of “conlimsaticn® is, howeror, rot applicabie to the sacond kind af 
utility. These theories arc not meant to deseribe actual vehavior, so it 
; is not gensible to test thom by confronting them with ectual behavier. 
j Interpreted ag a definition of rationslity, utility theary can only be tested 
H by eppealing to a sort of inwitive idea of what vations! behavior is Like 
and showing that utility theory dees describe this behavicr, Many of tho : 
. ergumante used in justification of the acions of various varsiane of wtility 
r theory make just this idnd of appeal, Is samo cancs., ths definition of 
: retionelity may contain a colevlus of utilises by whack it is possible to 
compute ubilstias for corpice alternativzs from these of simplor o%tersaiives 
E in 3 mechanice2 way, In thess casts, utility theory may serve es a mental. 

c Jaborsaving device, much as do the rules of arlthzstic winch we iiclhlow 
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biind]y to save curselves endless 


and laborious countinge. 


I% is than at 
least theoreticaily possitic te test the definition of rationality by deter 


muning LT mek position is sctuuily Jemroved by acting in accordance with 


ate We shall point out a very simple tess of this kind where the mfini- 
tion of rationality includes alternatives with risks. 


-Fho game sort af "confirmation" is applicable also to tieories af 
Some 8O 


social good based on individual utilitices, Obviously it is not 


QO te acteel expericuce to test a theoxy of tim good, baceuss mech of emericento 


is thougit tc be bad. 
only : 


UGGS, ONte again it ig voscibie <5 tect the thearyr 


by somering ib with our intuitive notions, here, of the "gosd." ky 


appealing to imtuiticn ws are mypealing te somothing vegue and possibly 


eontradictory, and 
peesivie just what tis 


Wtultive® 


of social uillitzy to satisfy. 
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conditions are which ue expect 
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It hes been ore of the great discoveries in 


welfare esonamics in escent yoors wnat certain of ticos intwitive conditions 


ars inconsistent. 
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This aans that it ic iencssibic to carstruss 2 sorfal 


weifare function sat of individual preference ficlds which satisfies sim. 
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We turn now to the probions of interpretation and confirmation 


paceliar 4 the different interprctations, 
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1.30) Isterpretstion and Confirmation in the Descriptive Theary af 
p=eoK 


We breve clready inticated sam of tie alternative interpretations 
whieh can bs given toe tia primitive notions, K, 2 , ard u of utility theory. 
Ws have paid spueial attentic: to K, the set of alternatives, Corresponding 
% Geoh interpretation of K is 4 variant of each of the thres basis types 
of utility theary. 

Only a few of the possible veriatiors in K have so far been indice 
cated, Often 4 alight change in ths imterpretucis: aay change tho prefer 
ence pattern radically or wen have ag 4 consequences that the axlans are 
no ienger aaticfiod. Wo may cite as an exumpls of this a situation which 
has been deseribed 2a proof that preferance orderings need not bs transitive.! 
Tt hag bean obserrec for rome animals that they are prone to prefer absence 
of pain te food uid food (absence af hunger) te sex, und cax to absence of 
pain. If w lei *p*, "2", and "s" denote pein, foed, and sex respectively, 
the animals? profurenre relation runs thus: (not p)>f, f > s, and s>(not p). 
This is not. a transitive crdexing. and 3+ aopsars that the behavior of ths 
animate je not deanribad by utility theory, Howevsc; we aay clisnigs the 
interpretstio: oc? %, whieh ned previously 
includ an voll ail peesible casbinations of tise three. If absemse of 
pain is preferred to fous, this met near that the carvination of no pein, 
no food, ari no sex is preferred to the combination of pagan; Teed; ana no six. 
In symbole: 

{not p, not 2, not 2) > (p, f, not 8). 
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Similarly, if food is preferred to sex, this could be interpreted to man 
the ccabdnation af no pain, food, ami no sex is preferred to no pain, no 
Pood, and sax: 
(net py f, not 8) > (not p, net fy ae 
And Minally the thira preference may ce rervesented syabclicallys: 
{p, not f, 5s) > (not p, net £, not a). 

These threo profsrences are not circular, and 1t would in fact be necessary 
to inelude all the preferences secag aJl ilm possible combinatioe to deter 
mine whothsr or not this relation satisfied tho axioms of utdligy thee. 
This extmmpis should illustrate hoy evitizcally dapendem, utility theory is 
oa the interpretation of XZ, 

Wile it is lear that the sete K and 5 mist be carefully definsd- 
the moaning of "indiviscel"” and “alternative? is fairiy clear once this 
has been dase, The vrisily foraidshle prenices of interprotstion and cm- 
fcration orise in conncetion with tho prinitive notionn & and uy we 
umerstand 2 inte (cccoly in terms <2 a subjective feeling of attzsactien 
or aversion io the 2Uicimativos in E, and imcgins that others hero sinilar 
Leclings, However, “hove subjective fesiings ara now @ good baris for a 
deseriptivs theory, sixce selonce is in no pestiien to cbserve then dirsst2y; 
even in case2z in whith it sees clear thas thoy exist. It is ovaa nore 
problematic 6O spouse: Siet such cocie~cn maxing agenta as corporaviuns av 
govermments have feslings, and hencs tho subjective internrofation must be 
abandaned entirely in onolice tiem ef utility theory to this type of “individ- 
val.” It is, therefore, necessary ie lLosk for another interpretation for 2 


ome ubich wo be scucotvifieally useyo, 
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(1) However. if Pood is oreferved £6 sox ha intorprmried to mean: 
fnoc p, 2, not vs) > Cp. not fa), 


then the pruferences miu cireulae, To is ims cimar frcm May's dsseriptics 
which of thiee imtersmeiatian: is cerrast 
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Two alternatives are available: (1) to ask the individuals to 
last ths altermtirves in order of subjective preference and (2) to deduce 
the prefersnm netters fran chbservations of behavier in choices making 
situationg, The first interpretation would seem to be nearer our intuitive 
idea of 2 . ami it would elleo be mor direot. But it must be recalied 
thet utility theory is intended to tu u theory of actual decisions, mm what 
people say thay would do in o situation is noteriously a very unreliable 
Guides to tisir beheviar when they ars actually aonfrontca with it. The 
gecond alternative avcids tins ditNicalty, mt raises the ovestion of hey 
the preverence relatican is to be defined fivas observations of actual. deci~ 


sion makings, If x cad y are two Gitarnataver, and if x is sbhreve choysn over 
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y whenever a choles ie presentad, then clearly x is preferred to yo The fact 
thet x is aleers preforred to y demands thet the preferenco~or-indifferenue 
relation net cuanpge throughout the interval under consideration. Carmen 
sense, however, telic us thet prefereme patter. ere constamily changing. 


The fect that = mey change brings into question the usefulasss of utility 


ttc: a 


28 @ descriptive an: prodictive theory. Though w may wish to pred? 
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actual choice = percon will meke when canitented with cortuin allernatives. 
wtility theory telds us oiiy that he wild choose that cone with ths createst 
adlity, bane net whet his preverenco pattern ia. end hence it dees now 
really emable us to predicés his behavior, Only under the scsumption that 

= does not change cis3 utility becavwe usefal pretictively. As we knox, 

2 changes in the urcasing it eeeribce to eortein alternatives: iw de mr 
aiwaye <o the same chinys undey She sme circumstances. It ig the hope of 
wnoss wio us3 uidlity as a prodictive theory thet the preference-oreindiil 

S ference relation ip coleatively mtiable in tre ordering it assigns to tha 
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Whethe: or not is stable may depend on the definition of K. 
For example, s™ppose X consists of vectave <m. X_> representing x loaves 
Of bread sisi Z_ quarts of milk. A°5 a, ami xz to be iuuterpreted as axvonnts 
to be aequired in adtition to the weourt of bread and milk on hand. a as 
total. amounts pessesse! after the soquisition? Under the first interprete- 
Sion, u( <x, 5%) is the added uiility accruing fra: the eoquisitien of 
Sys X_ ani it is likely thst this will not ce stable, but will very with 
the smount alroady on hend. Under the sscond interpretation, u( <x, x2 ) 
represents the utility of a certain iwial sncunt which includes beth a me 
acquisiticn ami what is already on hand, and it may well be that theve utile 
ities an? the sesccictsd preference relation will be fairly stabie. 
In cases in which = is not ctebic and X cannct be reinterpreted 
az intissicd above tu find a corresponding 2 which is stable, still ancther 
weaning can vs scsigcsd to = which does not demand that ths zamo alternatives 
always =e chossna in tis same circumstances, In this interpretation, xy 
moans thet ths percentage oF times. 5. that x ia chosen when the only alter 
natives sre x and y is greater than o> equal to % That is x zy means thet 
xX is chusan over y. a the average, mare than or as often ag y is chosen over 
X This soy te regevcsd as a generalizaiian of the case of eteble preferonces, 
in which 1% is requixve] that 0 must bo sitier 2 or 0. 
Ths same veomevi= se have been made about che aid interpretation of 
are appiicable to the new. Tt is sssattial. if utility is to be used 
predistively, Gait ths relative Trequencivs ef te choices be siteblie. Here 
again it is important that K ba interpreted apprepriately. 
IT should like to tusm now to the problem of confirmation, Ewen 
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with the revised inmtoreretetions of tre profer reletics. 
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Hye 
$ imnogsible to test all the sintersnts of utility theory by comparisag tno 


with ths facta. The relacive frequen inierpretatio af = requires that 
an individual be vanfronted saay times with a choice betwoen alternatives 
% ard y for an estimate of whether x 2 y halds to have a small probaebiltiz 
of erroro Ent an individuel is very saldmi confronted with a ehaice beta 
dust tuo alternatives, Without the pessihbilaty of testing all stavemsnte, 
and particularly, af iacoverdog an individual's preferepes-or-indifferanos 
relasian, it. vecanss 2 matter of deuiding which statements are important 
for the aglicatim weer consideratien, and trying to tert those, In tas 
Classicai thcory of cmeweer behovior, the aim is to desertbe the genere) 
tends of large maasci) of burere, Fere ic 1s necossary te agsome same unie 
formity oi tasetus ove: large clesses in order to peneraiise from the nref- 
erences af the tndiviceal. In general, the relation betwean the axiass of 
utility theony. or any theory of individes! behevtior, to the macro-phenosena 
of suclal trands is ubocura, esi it is oxtvemmiy cucstiqable whethor the 
actual sneeess or faire of the macro-theery is crucially dependent on the 
@ataiis of the individual uislity uneory ua winith i) appeers to tbe based, 
The newer theery of icznoullisa utilitics. which nlaces movs smpirical requizc~ 
manmts on 2 than the classicel theary dens. in nere susasptible to di zeb 
confirmaticoa for this resson. As with the clessies theory, though, it is 
absurd to suppose that lts exians ars satisfied aractlv., or that prefersnce 
patterns siuy perfectiy stebls, even wiwa inverpisted os relativs ?rsque: ° 
Henee the thoory has to be treated as an rpproxzimation if it ia ussd prudicte 
ively at aij. The preotlea cf testing chether the theory is a good apprexi- 
ad 


nation iu ditfacult. and can oxy ba sansioly antemote 


relative to certain 


specified interded apriieavions. Ar yot, Sernewiian utilitias have been 


os 


® 
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2.2.2 The Pefinition af Rationality 

THAlity theory as @ definition of rationality is concerned meinly 
with the behavior of single individvals, whether parsons or organisations: 
Here we are no longer comrerned with predicting behavior, and so need not 
require thet the premwencs ordering a étaple over tims, The object ig 
to describe acme of the rules governing tha choice to be meds among 2 cere 
tain sei; af alternatives in order for ths individual best to achieve his 
odjectives, The thoory, tren, i to be tested against our idea of wnat 
actually coustitutes intelligont behavior. We co not oxpsot that thea cools 
of intelligent lmiivicuals will always bo the ssme, but only that he should 
act at any siven time to achieve net cuncensfolly the costs he has at that 
tice, We do not require cither that the things denotes ry the primitive torus 


be objectively ebservables it is sufficient for the retionel individual io 


be awars of his own aims at any cime, whether or not these are mown or ko 


able to othore,. The main question to ask of any stateuent of ths theary is 
alweye: doe it deso.ibe rational vehaviae? 

Th: reaquirenent that 2 te transitive. az part af a definition of 
rationality. has reccived some attention wocamtly. ‘Ths inansitivity condi-~ 
tion would .ppesr to Lo an imwdiate consaquence of the tranvitiwity af the 
ordinary Envizsh reletica of “ketier thun or 25 good ag," By the sulas of 
ro , UBARS., Lf xX in batter than cr as jou a6 y. ami y is retter taan or 
ag cotd Ae ty Ten x is better than oi as good as 3. Ths rationmei man is 
supposed to order % and y such taab ac eur and only LO x is batter tran of 
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ro, ths transitavity of = follevs, Nowsver, this 
avgumerr renliv caly reTleets the oririna’ crestion beek to asking wy “"bottes 


then or an yoed ag® chetid cc 2 yang tire r 
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not at all obvious that raticnal preference-or-indifferance shold ba 
transitive, espacteliv vhere the inmtividzel may have several itere 

which may conflict. Muy* has given vs an cxanplc in wtich mele studente 
were asked io list prefexcmesa mong giris as prospective marriage part- 
ners, where the girls had various cominctions of locks, brains, and nc 
money’ preferred to plainness, breins, and money, pisferred to looks, dull 


ness, and nonsy, preferred to looks, brains, and no roney. 14; can; of 
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claim ie not easliy justified, 

Davideon, McKinsey, and Suppal [7] eivo a more convinging argue 
mont for transitivity a9 fallows. Suppese thas x >y: y>2, ami a> x, 
and that th: individve’ ta presented with a choices among just these alterna» 
taves. The, no matter which one ho chsouss, there is om he 
vence ho should not hives chosen it. 

Tus stipuiavion that 2 be a weak ordering is also justified to u 


certain extent dy tao Yast, that 1t simplifies the mithamatical prohien af 


OrderLag in oruer Tox a ulilzcy Furcuion so waich at ah, and once rente~ 
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ing thin contivcion ravoves tht possibiziw of ¢ ubility theery.° 


SRR A ea ear RO at ee eR NREL Ml RST RTLIES SP Saco wets dem AEN ae i 
5. Boerne *h, bet 24 
do BGM ek Uy saay pe 


2. An goparont exnastion to thig arises da the theery of consumer heherier, 
Hers the matin propeols.cms amd expressed in differential aquatics Invelbine 
the derivativs of tho utility funciion. {t may wail be that thece equationy 


ara net inteosmabtle. med it hers baan shewm thrt thoie son cintesrabiiscw je 
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As in the case of the predictive theory, the specification of the 
Clana of siternatives in important, and poor choices of K may make it seem 
that. the preferense-or-indifferenos relation is intransitive. 

In part I, «m Bernovllian utilities. im shall encounter many more 


asswapticens ae te what constitutes retionalitv? thase ssamntiens will te 
exexined there in detail. 


10303 Ths Definition af Good 

Mest Ga? the romarke uade about tia problem of confirestion of 
utility theary as a defMinitica of rationality apply here also. The method 
of testing can only be = comparison of tho statements of the theory wlth 
previously held ethieni vicows. As we have pointed ovt, wlfare scmomics 
essuntially invalves iitterperwonal canparisous of either prsferencea oF 
utilities, The basic assusption involved lies in the fact that utilities 
axé measures oY the good of alternatives to the person invalved, wi that 
sceisl good is a furciion af individaal goods, 

Tha qussticn of interprotation aay be <ivided into te categories: 
(1) which o? the sot o° eligible utility fuactions actually represents the 
yood? and (2) how shell tiwse utilities be cmbimed to yield = measure of 


soelal utiiite? In connection with question (1). wo have pointed ont that 


ners of ths gata of ecumiitions chich the utdisty Zunstion must satisfy dee 
fines a utiiiiy fonction uniquely. Li the actectiaa af wtailides to repro= 
sert tha inilvicesie of the society must bs arbitrary, wo must require teat 
tee seeial proferenia ordoming cotimed fron these di iovarlant for ardltirare 
ily differing choices of utilities, “Pf 2 ete Lor nompounding dose not 


astlafy this tegriresest. it nt be ebandsonrd. or else a new conditien uust 


= 


a3 & 


be sought virich restricts the range of admissible individual aimiities to 
sath en cxtent that the social prefexances svtained are the game for siz 
equally adiiasible individual preferences. 

fhe abeve conditicn viich mst be satisfied by any method of came 
peundiss individual utilitiss is a farmel restriction which many different 
rethede may catisfy, FPresusshly tho method achuslly selected will be detere 
mined by stinical considerations. Wwe would, for example, probably lik to 
require that the campcendiing arthod give equzl weight to the utilities of 
differant imtividuels, We have noted that the orcblem of deSining a social 
utility isvariant under orbitrary chooses cf individual wiillity can be By 
pessad if the scelel proference ecole is defined directly in terzs of the 
individual preference scales. In gererai, though, the question of uhat 
moethed wilh be used fo°> this definition :is an ethicel ome, and there is no 
gererai agreement on its aasvers 

In gam we may say that tho predlens af interprotation and sonfarma> 


tian ef this coird too of utdlaty theory ars similar to these fer the theor, 


gu 


of saticqnality, bute u:ct tho basic ethicel principles with wtrich the theary 
must be aeepared arc itach more in doubt trea ia usc insuitive concepiien 


of rationalityo 
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2. Bernculiien Utdisties 


2ol, Intreduetions the Problem of Rationality 


We noted in the ‘introduction that spe of thea possible interprete- 
tions of utility theory was as a definition of rationality, and noted al 
the connection which that interpretation has to its interpretation as a de- 
eGraptiive theory. Throughout this pert vs shali discuss wiility theary 
chiefly as a theary of rationality, hecanse 4% is in this Light that its 
primiiples are most easily understood. To appraise a hypothesis introduced 
as a principle of ratimal choice it is aly necossary for us to review our 
Mm intuitive feelings o5 to whsthor eapluyment of the prinsiple actualy 
would lead to desixvabie consequences: wheress to formate or evaluate the 
seme principle a5 a ceucripbion of actuai behavicr invoived us in many compic= 
problems of enpirical interpretation and verification. Frei ani amirical 
point of view, then, wo can regard principles of ratiaslity es heuristics 
guides suggesting erm >: ical hynotheses in tiaids of behavior in wtdich thase 
ere difficult wo faaiatoo 

Taken as a cnsory of rationaliir, Bernoutlian utLlity attespts to 
forrai.ate principles of intelligent choice in situations in which ths ot 
coms af amy chaies is suoject to chanes influences. A simple evample serves 
te illustrate this tyre of provicm. Siuppese 4 nan is offersd a choice among 
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fali heads, to bat a daliar that the smsa coin will fall taile (in oach cass, 
if he wius, ‘ev ving a collier}, or not to bot. We may call these three actions 
Byp Ago and age Beeicos ths ect of sections wirich the man mvet choore fra, 


there are threes possible cutemass: te win a dollar. to break even, ar ta 


wlifre 


lose a dollar.; iets call these X,5%5 and 3s respectively. The man 
will chooge that action shich lends te the catcome witi zreetest utility 
(assuming he is rational), We ouserve, nowever, that not all the actions 
lead % a certain cctsome. Action a; is te bet a dollar that the cain falls 
heads; so under ths aswmption that the cain is fair, taking a, means tak~ 
ing a 50% chance of wirming a dollar (if the ouin falls heads) and a 0% 
chanes of losing a dollar (if the cain falls tails). Therefore teking a, 
is equivalent to taking a 50% nua vi Sy Sud a 50% chance of x40 In the 
@ame way w3 see thai ap is equivalent to taking a SO% chance on X3 ands 
50% chance of x,, and only &, leads to @ certain outcome: x, (brcaking aveaja 
To dmeide which af the three possible actime to take in the “ore= 
goling sxmiples, the man must not only be able to evaluats cure prospects 
(my, a%>y and ca 4s this case), but various probabilities of getting there, 
and Dernmeullian utility provides principles of rationality here. Lt wes 
noted in the saners) ontreduction that Bornoullian utility gives a serdinsl 
measure of utility, cod it is easy to see from the example uhy the cvulua- 
tion of the risk alaruatives demands a measure of tho relative magnitudes 


of the values of the outcomes x,» XK, and E,. In trying to cscide whether 


> 


to tove a 50-00 shance of winnine agecinst losing a dallar, cr not to bet, 

it is not sufficient fer the man simply to tess into account the fact that 
he provore winning a icliar to breaking ¢ven, anc prskers breaking aven to 
losing a ddllar, If the man greatiy prevern winning a dollar to breaking 

even, ar! omiy slightly prefeve brealcing even to losing a dollar, ne is 

te sisk his icusy. If, however, he is cautious, and cares less for 
wiming a dollar than Yor kcening himsel? from losing a dollar, he will be 


likely tc refuse to bot. Th any case, Le must tae into account ths magrie 


tude of nis liking for the outcmes, not just the ofiinal relationsnmips 


oe 


(at least, tnis esems to be true for rational choice). 

Before passing to consideration of bernouwllian utility, ist us 
note briefly a distinction which is generally made between theories of 
decision under risk and decigien under umerteinty. The example given 
above illustrates a problena of denision undsr risk. Ia this exauple ths 
person shooging the action dces not know what the actual result of that 
cheee will ber 4.e,, if he chooses to bet a dollar that the coin will fall 
heads, the two possicie cutccmes ara wiring a Gvilsar and icsing a Giles, 
bt at tha time af making the decisisn the man does not know whieh. Ha 
does, however, know ie ralevant prebabilities. In the case of decigion 
making umey uncertainty, not only does the man not know what the result 
of his action will be. but he cannot even asrign definits probabilities 
to the variens possibis outeaiss: Woe need only change cur example of the 
bet slightly te illustrate the problem of making a decision under uncertain=- 
ty. Suppoge the man is es before required te chcase among betting a ddllar 
en heads, a doblar «cu tails, or not betting. Dub now, instead of oeing 
provided with the informtion that is coin in question is a fair one, = 
does not imow whethsr or not the coin is dlased, and if it is, Waal prosae 
bility it has of falisisg beads. Still more vercuasive axeuples cecur in 
many familiar situations, Nearly everyore has faut hirsalf at some time 
waiting st a tus step for a bur about shose scnoculs he is In aimost eare 
plete ignorame, it way ts Late at night, und he doey not knew uhother 
ine last tus has gens vet. He hae thon to deside whether to wait for thea 
bus er stert walking, and if hs wasatc, for bow longo This exemple is as 
no matter of flipping ccdno with known prooabiicties, or oven of knowing 
a definite probability that the bue whl come in any intervel of time. 

The information on wiieh tae wan mus, bass han deaision in thie case is 


mich Less finite. 
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In the cage of decisions under risk, there are intuitively wry 
convineing principles of rational choice (these lead to the construction 
ef the Bernoullian utility function); whereas thore axe, except in sam 
rather special cares, no euch well-founded principles in the case of docis~ 
ion under uncertainty. We shall note saw proposals for retionality under 
uncertainty in the section on applications to theory of games and statisti- 
cal decisions (sesticn 1.3). 


2.2 Bernovllian Utdiiity Functions 
2o¢o% Tae Defining Comtitions 

if we consider risk cetbinations af just two outcomes, x and y, 
and 9 probability “ , then <2, (le Log denotes the uncertain cutcans 
or getting x with prcebability and otherwise getting yo Then, if 4 is 
a Berncoullian utaliivy function, 1t mst satisfy the coniitions: 
(a) a(x) 2 uly) if snd oliy if x2y: 
(B) a Max (Qe xy >) = Anlx) + Qe « July). 
It is sagy tc soe ho, the fact thut o satisfies condition B implies that it 
must be a cardinal vidlity. Indeed, if ihe wiilitier of any two (not. intif. 
fersnt) alternatives. Mp ani x, ere chosen, then the utility of any other 
alternative is detexinceé wriquely by its positicn in the prefercnoe scale, 


For examilo, suppose =: and © are alternatives of gatting nothing ani pete 


utility of $2.00, Wis J is devernined by Yincding th 
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aa P we “ 2.76 if eo 
for waich the compou) uitermative ef getting $c.00 with probability oz 


else gevtirg nothing is neld aa indffisreit ww the alternative of cotthing 


$1.00 for sure, If these two alternataves cro indifferem. then 
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and by squation B, 
«alx,) « (le ) ux) oe a(x, ds 
4 u(x,) + (j= 4)-5 2 L 
ulxe) © de 
To say, for examle, that the utility cf any alternative x is twice that 
of ons dolher simply means that a 50<%) chause of peiti.ng x or nctiting at 
ali is reld as inddtfevont to a cértairty of reosivin, = collar, 

It whould be noted “hat, acerding to the definition of the 
Bernoullinn utility fuaciion, the fact that me alternative may have twics 
as mich uldlity as another (rolative tc an arbitrarily chosen sare) says 
nothing disso: abou. she subjectiva nagnitude of tao pleasures duw to 
oaeio Henes Barnoullian utilities <lo ret aecesaarily rely on a avbjective 
comparizon cf magnitudes of pleasure (extent as theso may entur into the 
determination of the probablinsics at uhich uncertaio alternatives are held 

as Ladifferunt. 

Of courses, the mexa fact that we hese a sysien Of preterenceg 
including un-srtaintios does not guerautse that poeple do ar should hale 
the utility of an uncesteic evant to be equal to the expected value af the 
uldlitdes of tio events of wold: Lt is composed. Mare strictly, the existerme 
of a widlity fentidos, u, eabiafylug ocndizion B ls not gmorantand far altare 
natives involving risks, We chall give ao set of very plousibis exiomm from 
whieh it is yossibie to deduce thas a Barneovlizan utility Mmction exista, 
bot it is woertnttle fo note thet there is 


mcomd rosanon to haliews that 
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fce which there exists no Bernadliss uillity fumetdion. Nous of the other 
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: systexns Leads to whility funetions nearly an simple as the Berhoullian, aml 
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to date ume of the alternative syatiaa has been mace use of in applicationa. 

Abandomaant of Bsxnovllian utiljtjer wold howe a periioularly disastrous 

effect on the theary of games, in whieh the equation of condition 5 is central. 
the firsts explicit use cf a Rerncollian utility function was 

made, ag the mame sugvests, by Dene] Bernend1S, in au attempt to explain 

the famous St. Petersburg Perados (which will be dsseribed in ths section 

ea the ulllity of money). Bernoulli‘e hypotnesis wns that the value of 

monsy is not: directly nropcmrtionel to its wwbank but rathsic to its logarithm, 

and that tos value -f = tisk combination of vacious scsuate ic squal to the 

mathematical expectaiio of the values of those anounts. This, Bernevll 

postulatec a Bernouwliian ubiliny for mousy, std assumed = specdal shape for 

the curve utility va. voney. The fact that Eernovlii suggested that value 

is net cirsetly propoycional to money is whst draus attention te his uss of 

utilitys howver, the vabinatian of wiilitics aecerding to condition B had 

been taclviy assussd iy tnsories c{ gasping refere the tine of Hernoulli. 

All these theories wre based on the assurzpticn thet thy gaembler's ein 

should be to follow ttat ecursa for which the axseeted valua of the money 

winnings is the mess. Sven if the value of monay is aisectly propertiqal 

t© its amouns (the rac setion of whiek assumption wes Bexnculii. ss contwribue 


tio}, 2% is still am additions] assimtion that these valuca should combine 


theories of gambling, cisrefare, eciusiiy usiimed a BeraGiiidag utshity alse 

foe: Lirst accazen appsaranes of Berncullien utilities is in tha 
Theory of games and s 9200.9 behaviar* by ¢crn voa leumann and Cekar Norgenstorm, 
where jit serves as a basis For the theory sf cemcu in that tho wires and 
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= ee 


ee eee ey a ee en Ue mA enh ADS e : + = 
aAMpPLiGie Aa De acaiiies wbllaswy sxe veo Tori. espladcttiy for che tseat base 
a Oe ae eRe AUN SO pe RRR, EERE SUA Ae ARSE Se ent ret md 


ane peg a ss 
4 ‘ =a Sas ae LE IT RS 


6 in a set of axiaas on the preforcnes-or-indiffersnes calation, and it is 


rigorously demonstrated that a utility fonction with the required proper 
ties, 1:@0, one witich satisfies conditions A ani 5, exists. Subsequent 
cevelopmants have chiefly taken the form af revisions in the axian systen 
to get axions from which the coduction ef the existerce of the Sexnoullian 
utility function is more transparant, oc else suggesticis for scakening 
the system oy omitting one or more axiomg, The axians ve give first are 


esoentially thase o° von Naumann and Morgonstern, presented in slightly 


2.2.2 The Frimitive Novicns and Their Intexprotations 

Cur axioms {and other related axiauws for Dernoullian utilities) 
ara based os three peinitive notions: K,. 2, and a "risk operator” whieh 
will be axplained beiiow, X and = have toon explairead ct length in the 
introductions K is the class of alternatives; and. > is the relation of 
subjective oroferancec o indifference anong tas alternstévess ‘WS ave 


mentioned the risk cpsrator bristly On po 23 of the Intreduction, tet 


x and y or alements of F,, ani let “ be a provability euch that O 4 1. 
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® which would ;ou choose?" It is meaningless to caypere 2 probability < af 
getting x with a probability 2 of getting yo Even vhera a caspound aliera~ 
tive, kets 4 }y> is compared, th? compound is itself regarded as cortein, 
though neither af ite comonents is certain: To say that <1 x, (le wjy? 
is cortain is only to ssy that it ie certain that either x or y will escur, 
bat which ona is chosrtcin. 

The fect thet probabilities appess in cur syste would oppear to 
involve us in the thorny controversies surrounding the defiaition ef probe~ 
bility. Those, howcver, can be avaided to a covisin oxtent by avoiding 
delamiene et: z:Q+ <)y > Civectly, ami soeking to interprot it only 


i, ‘ . 
an geek gortexrto ag <a Qe 2s 


> = 8 diich are Indeed the fumianatel 
ones of vtdiity theery, ‘<vallea)y> = 2" moans "ths canpound alter» 
tive o¥ x with proosbility « and otherwise y is preferred or indifferent 

Wo ge WS 3am Snvissge this compound<uinx.(le x)y >> as an actual physical 
aiternative, br supsoaimiy c is a biascad coin with provability « of falling 
ends, Then <axy(2~ < ly > is tho alternative unich consiste of flipping 

G and taking x if it ‘alls heads and taking y if 4% falls tallies, TF utility 
ie interpreted ag a douiripolve theory, it is not neccasary to epecify what 

/ is meant by *e bee probabli1riy .. of Valling iene," sints we ace lnternated 
in predistiag tie person's behavior whith Will depend not on actual prabehii- 
ities bit on his subjective estimate of ties, Fully expanned, Cu xpi lap pe « 


means that Mipping a coin of sebjecuive probability « of filing bads 4o 
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determins wrieh of x and y is taken is rreserred or imiffersnt to s, In 
this case. Lt snemn fencihia fa minh sizenciher Glrect rafersace 40 mimerical 


probabilitace and exeraca the risk sléornarivas direstiy in tenses of the 
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peemonant alternatives ainsi Wie eapoxdmauwe tortoruca te enteruine which om 


shajl acvinally tele pisces. 
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If wiilaty theory ie interpreted as 2 definition af rationaliy, 


ratiigal, “ssc 


we may womb to interpret the probsbilities as objectivo, or raviq@at, 
these presumably represent the subjective prot=bilities that a rational man 
wound arxivs at, However, coven here wo may still checss to use subjeciive 
prodebilitions (thus vy-pacsing the knotty problem of what chjective pra 
bilitisy anz) and arvive at a mcdified theory of rational behavior, pre- 
scribing what s ratiomel man wuld dc, given imperfect estimates af prove 
bil2ttac, ifven vhars cr obabilities ors interpreted ag relatics freqnennics, 


4t is important. that tue expressions of utility theory are not taken ap 
referring to preferciisse over a lomg series af events, The probabilities 


rexer to ths particulier everd: (such as Mlipning the eccin) since the choices 


are defined for part! cular alternatives. The importance of this vill bee 


com: ™mse apparent 3.1 cur discussion of te application wf utilities te the 


theory of gausdo 

Ws do no. take se primitive one of the noticnr diatussed in the 
Introducticn, th, atility function wu Too ubliity functicn can be define 
umnoamily fro to. preYoremae relation ane= a sero point and unit of measure~ 


ected. and henee uces nxt nesd to be teken as primitives, 


SS 


2.3 Axiems 


The (oliowing sot of axioms for bhermoullian uiilities aro in most 


Te ESS 


essentials 730 swuo as those of von Nauti and Morgenstern. The peincipal 


Saree. 


difference i4oa in our inciusion ef sriog 4.3 which states that amiifferant 
alternativ33 may be aubstitewd for ons onwinsr to wield indifferent om- 

pouad xik 2ltermtives, This asian ond anicms ALL and A.2 insure unas an 
for ag cho Pormal statement, of the theary are consarned, we may treet, the 


wile ion of indifference betwen tac also acives in the same way as logical 


so mMeltys 15855 We can gubstitzte the name of an indifferent wWiternative 
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S for that of any alternative is 3 statement, and the . ssulting statics 
is true if the original one is tras. The anisaion of Ao3 by von Heusen 
and Morgenstern indicates that. they hare teken the interpretation for the 
class EK te he net the sat of inHvidnal elternatives, but the collestica 
of all sets of indifferent alternatives. We shall net omter into a disous- 
sion of thi: interpretation here, but merely point ont that if tacitly 
ossunes som: such exice as Ao}, 1.00) suvctitutabllity of indifferent alter 
A£:Mer etating the artens, wm discuss their significance in tarms 
of the intended interpxetatian of tho prinitéve notions given above. Thin 
discussion :iil eerg bata to srovide 2 plausihle intuitave jortification 
of the exias and to indicate sais apparent counter=instanees of behavicr 
which doss in0t satisfy the axioms. ‘fhs firet patr of axlams- stating that 
& if awosk ordering - has veer Memceod in the Introduction, and this 
discussion rdli, net be repeated here. After discussing tze von Neumam:- 
Morgenctezgn axiome we shali present coms cf the altesantive axian sotes far 
Bernoullian utilities. 
TY: the statemont of the axicing ond in the following discuasiory 
the Lettese =, vy, aud @ with or without subscripts wil: conote membars of 


Ky ard x 5 6 9 and 4 will conote road matbore in the open interval (0:1); 
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Axioms 
Aol Bither x 2y or y 2 & 


Ao2Q Ife zy andy > ze then x J Bo 


Definition: =x wv y(x is iniifferent to y) far x Sy and y ZX 
Definiticn: x > y(x is prefurred te y) for x2 y aminot x2 ye 
Aod Ifxwy then Lat x, (Lewe an D> Se ys (Lc) >>. 
hol My > x ten y >< 4x, (Luly and <K x,(letly >> x 
od Beg a ar a aa a 
| Lakes >y mdy> <8 x, (1p )s> 
A6 {hx nly w& ne Ws 4x> 


(1-8 y > VGC B x. (lek BD © 
Axion A.3 saye that if x and vy are heic as indifferent, then the combinati.on 


457 <B<4ux,(luk>d , 


of x with seobebnaer « a2 3 with probability le « is indifyYereat te the 


same combination with y in pisce of x. If . is ths probability thot a 


Certain axuiFaheuiy tp Hill succsad, thon tho outcome: of altermtives 
and x ys (4-v)z > will be x and y respsctivaly 


- te 


4f co succeeds, ands if oc fails. Tn aither cacs, the cutcaies are ald as : 


indifferent, hance £t scems reagcuable that thea two casgpounds should be 
indifferent» 

ho3 very elearly ruies owt an interprotation for the 
notioas under which a preference for a ris avoormetive; say 4 x;,f41-cb > 


ie taken to mean that a person prefers to receive camuodiuy x int 


4 andy ia proportion l~ “ in a long cerise of? gamhics. As an example, 
AK X is a long qiayang record, y t¢ 10 ordinary records, 1 might have = 
indifferent y, bue if « is a Lang plaring record plsver, probably <o5m, a 
2 will be preZerred to <25y, 03% > uf che prebabilitics are interpreted sz 
Ld 
relative frequencies, time tiwlatang the axniaa, This cumple is 2 macial 
= 
pe 
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case of complementarity, which we dizcussed in the Introtuwtion. Our 
interpretation rules cut the possibility thet two aiternawives x and 2, 
may canplexsnt cach other by stipulating that at most one can became actual: 
4o@oy not voth can actually takes plece. If w accept the frequemy inter- 
pretation, «2 re-intreduce the pessibility of cauplemontarity by supposing 
that more than ons of a at of aliormctives can actually occur, eash ons 
happetting at sam point in a time sequance of events. Perhaps the best 
way to avoid tm posatbis intrninashicn of samplomenterity is te adopt the 
intexspretation of K as a set of possible future histories, and then it is 
Clear that at most ous can orm. 
Aol states that if y is preferred te x then the rusk combination 

of x with »rovability «< and y with probabiiliy 2+ x iiss dstween y and x 
in the prrference scale. Tha following argurent justifies ths assumption 
that <(<x;(le «)y>>x. The possible outcomes of <4 x, (1- ijy> aza 
just x and y, and each has a positive probability of cccursing, since 

By hypethosia, y te prefecred to x, and of course Z is az geen as x, henve 
po matter what happens, the outcome of <4 x, (1° 4)y> is at least as good 
28%. Moreover, there is 2 possibility that the cutcare wlil ie better 
than x, cince y ie praforred to x» Homw oe assume that <~u,(L> «jy > 
is preferred to xj an entirely amilcgous argument justifies the asezapiicaa 


that y is proferred to <l4ux,(i- 4 )y> > 
AoS states that if x is prefserved to y and vy is preferred to s 
iin@os y 148s teteten x and = on the preferonee scale), then thera are 
probabilities «4 eri Bp ened timt <Oix,O- . so us preferred to y end 
y is preferred to<@ x;(iev f jut>. By axiom A.k. wa know that both 
eax (is «)s> and CB X(l> p je > vast lie between x aud 2) 80 ADS is 


a kind of contimaty aie which says the. vaausver y w3 checss, Lyins oetumen 


x and 2 on the preference acals. there src probability mixtures of « and x 


oS 


ee 


lying on aither aide of y. Thus, for oxampie, if y lies very close © x, 
we should expect that the 4 such that <(..x,(1= <)> is preferred to 
y would hare to be eloes te i, so that x wold be nearly certain to cocure 
oO asserte thet the aliermiive af getting x with probsbility 
and y with probability le « is held cs indifferent to the prospect of 7 
with orstability ie x and x with probebility Ae Ths two prospects ars 
setually idanticel, so the axiom is justifisd. 
Aol Baye cussntially that the ovaiaation of = stemonnd altarmtiva 
Lk X(le a \y > depends solely on the components = ar¢ y and the prebabil- 
ity of woelving e.ch, The coly possible outeass of ths prespect 
KB < hx, (lea ly> » (ie B ly> are x ang y, ami the proamilities of 
their ocoursing ars «8 and (le «) respectively, HEsnes, if ths evalua- 
tion depends salely on tne cutcanss and their mepeciive prebabilities, 
thene@ A <-1,{ie 4) y>. (eB) y > mst bo indifferent <4 p x,(1- “8) ¥> 
It is wortintile to nove that the very fect that w have teken< of x,(1l- «) y> 
to be a member of tho ciass of alterratives, and thus to have a definivs 
pilece in ty: preference scale, sopresents the tacit assumpticn that the 
SVALUALICN 4 olieriatives with risks copomisc oily o: ¢he eemonent alter> 
natives, ai the probabilities of receiving them, If more than the varishles 
{ Xp Yo and “ were involved in cctersining the place of a sisx siternetive 
of CAMs Ql> y> in the preference seale, it would bo meaningless to talk 


of tthe slticrnatire'<ux (le uly > 5 amdits utility. , 


\ 
Tess ars many types of behavior vieh annear to vidiate thas 
axions, som: of which wa have oxamined in cur discussion of tho consistency 


reqalirezen: (wizich 1s formalized in owloms Aol and As2}o The fallowing 


a behavior, wuish does net ssea utterly irrational, conmradicts Aci. Let x, 
Jo and z ba, respectively, win a dolle>, broak oven, leso a dollar; then s 


= 2 


eewpro 


conservative better might svaluate 2 4 probebility of winning a dollar 
agoinst a el probability of loging a doller as indifferent to a certainty 
of breaking aven 

Kedx, lar wy 
Hossre:, be might prefer the rrospeot <e5y. cSx>> to <o5<ebx,y shs>>» x> 
(thus vidlating Ao3 which stipulates that these preapects should ba indif- 
ferent), beceuse the former offers no risk of less, and a possibility of 
gain, whereas the latter admits possibilities of heth lose and gain. Tt 
may ba arguad that the abcve dorscribed tehavier is irrational in that it 
is diffieult to conwive of any particular cbjectivea mich would be past 
setved by actin: in accordanct with these preferences. However, this is a 
aegatdive argumsr, and in the shesnce of any cleareout definition of vation 
alicy, at uoiid te impossible to denoustrate conclusively that vioiesing 


cS ia ixvavlon.. 


wongohal® han cited the exatole af mountain climbers for whon 
it appears that taking a certain svali but not coro risk of being kilied 
actually dis to the eujoyment of the climb, and is preferred both to 
climbs with no risks anc to climbs which have a wary hoge risk or cartainty 


of desth, ‘he "gano" of Russian Roulette effords an even mera cleareeut 


insteanen af tha game kind. In Ruewian Revwlothe, tha tramblar® ic aomond 


te asin the chanbor cf a revolver Hnich eontmins enty ulm cariridge, and 
without sselng uhere tho chamber atcps, to press the muzzle against his 
hand ami pul the urigger. Russian Roulette players ovidently prefer te 


take 2 chence (1/6 if the rovolver is a cisx-cheoter) of being cided to 


ye be te Nr ow 


4 = ° ms o ap uses ge weite gD peer os a2 ss arenas 
the cthar araiioble alternntives of no playing at ell aad hearing thse 
sep et? ih Mead eee 3 SRI oy. nent? 2 
sriainty of not being WW. Prgmemnbie they would ane nrefer to take 


their chenwia of Russian Reviette than to accent tha certainty of being 
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ed, If = is the eltearnative of being killed ani y is the sltarnative 
of living, and < is the chance that the revolver will fire, then “<x,(1l- ) ¥> 
should represent the altemmative of picying Russian Rowlstta. Then fer 
ary player w have< x, (le u)y> > x and Hu (lm ue > > yo bab 
this violates axiom Aol, from which it is easy to shew that not beth of 
the above ta con tions can hold. 

Anaiogous exanples, besides tho rather binarre ones given above, 

Of telavier which spparently vielstes axiom An, are easily ansiructed 
Az in othe: instanss2 in whieh the axives raeem to be violated, it is 
possiple to "axplain away” those countearoxampler by claiming that wa have 
not choren ths proper interpretation for the sat K of alternatives. it 
seems Plaucibie that th: deiiderate chaice of high risks, as in the case 
of Russian Roulette, cou be explained payahniegieally on the grounds 
that the individual desires prestige or attention. If he imagines that 


attention will be cined hy performing tks gamhls, then to believes that 
ners than gust th: eirsd= wtaames, x amt y. of being killed or siaying 
alive, are involved in the risk exbinstion <u x(le <Jy > © Our exgument 
in justificrtion of axion Ao relied on the assumption that an cuicur, 

aay Y, cf living, taler as a pure outcome, is the aase as tha catceam a 
getting y in the guts fu x, (ie d}y > © But ow Bussian Rovlette 

playex ovidsnuly belierss thet the fuiare to be orpected if he lives through 
his gamdie in differert fram ths ome he would hava it be simply lived ani 


avedded tuc gamnle. We may get rid of esses like thie by demanding that 


oatcomes Gimpricing it. Howrrer, the prices of thie "riddance® ia varg 
high, eines far aimest all cembles. the gambling itself affecta the thins: 


gembled for; this effect may bo indinscb. as the Lach of having wen sony 
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by gasilang say influcmes the attituse ef rociaty towartis the gambler. 

It esems best to steer a middls course, not epplying the theory to situa- 
tiong in which gambling itself is a urosdism, clement, end hoping that tie 
theory in a close encogh approximation to be useful elssxiere. We shall 
encvanter vary sixiiar considerations in oer tiseussion of sxias AcToo 


A.5 is a kind of “cuxmencurshility" extoan, ani we would expect 
to fim conteadisting instaness in situetions in xtjon the alternatives 


vomeared ar> 80 disparate aa to bo incomersureble. let x, y, and = bes 
respectively, gst ona penny, get nothing, be emscuted,” We may Suppose 
that x is preferred tu y end y is preferred to s. 4.5 then esserte thet 
there is sez probability « . such that fu x,(1-4)s> is preferred io 
y, thet in, taking a chasse « af getting a pouny and (le ~) of being 
execctsd 4s preferred co not gaubling and gotting vothing. But it might 
very wall to that if there exe on chencs at all of beisg killed, the 
persons would prefer sot to tale it just for the posaibility of wining a 
penn. Whether of no. mich benavacr is raticus) appeare to depend en tims 
peravi's wzilingmess to adrit that thors exist probabilities rar wihtiush he 


would take tho risks in questim, This is eqnirmctud with what i2 perneps 
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1, Another type of behavior vielatizg Awk (eui possibiiy others? ihess 
axtees} steure wheve the nitemsative onteanen themselves are action op 
strategies inc gam. For theae kinds of sltemeatives. 4t¢ 456 in general 
inmpossihle to dofine Rernculliaan utilities ccnti atentlys Tis is sinply 
another rem.ndsr of the cars with hich & must ba dafiusd. The feet that 
the sai af cutoanes, X, sannot contain meshers which are themselves alters 
notiwe courms of notion 41 a geus mikes ertsin econxie applicatios af 
the theary of games doubtfel, cincs the objectives i ay given ex.cromLe 
situation mx.” often be simply to rGach ccénaics positiscas foom uniech the 
gam may be played firther to advasbam, Me shall discuss this in ners 
dateli in t:6 vectian on the dsclisisi prshieti 


2. This ean pie weo suggested by enalogos eomaples given in unpublished 


Bowen of? RaiMese azn. ret = Metae: 2 
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one of tim prevent deifants of the aystem of Bernoullis: utiiities: 

namely, that each parson is assumed to be able to cvaluate risk alternatives 
fer all possible probabilities. Fossibly this assumption is justified as 

& part of a definition of rationality, but it seems absurd as s deserip- 
tion of actvual behaviar, in partieular, it is very questionable uhethw 
probabilities very cless to osrtaintics have much psychological meaning, 
and thess are just the probabilities in questicn in our exmmpis of 
Tivsremenmrcabls" alternatives. 

Axion AoS is the only ome uhich exseris the existence of an 
alternative, Therefore, if K is a set of alternatives aatisfying o11 the 
axioas oxoept AS, end K! ie » subset of KX. a fortiori, K! also satisfies 
these axiari. In case © coss contain incusenmradle alternatives, wo my 
chucse to isolate a suvuet, K', of summengurabis altermatives; then the 


subewt K* will satisfy all the axcieas, and it will be possibie to construct 


ads 


a Bernowlliiin utility Zanction far it. Thus, for some purposes it uay be 


conventions .o considss only alternalives roughly comparable te getting a 
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rag 


dollar; snd leave ovt such extrem alternatives as being cxecuted. For 
sesh camensurcbie subect of altematives + obtain « Reridiizian ubility 
function, “t has been shown, ~ that the entize sat of altarnetiros, K, can 
ve vepresemisd us a sot of points in a multi-idimensional vector space in 
such a wy that sete of camensurable alternatives lie on sisi. lisa, 


and where utility dicferences for points om th Lire are pronarticnal to 
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distances betwen the pointso 


£ ; g bo see 
Finally, thore are many insicwes of behavier violating 4.7. 


r 
t 
4 
a 
{ 
> 
§ 
° 
3 
13 
q 
a 
2 
- 
3 
H 
5 
ra 
2 
2 


As we would oxpect, these txo inctaneas in widieh the utility cf a risk 
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znd Wendel (351. Whot we assert hors can easily be deduced 
x fron their remits, though strieciy speaking it is nocecsary to add tne 
Ps forther oxica: Aole If x > y then athe aha> > Kaze <)> 
ee in order io abtsin the derived remit, A .3a is deducibis from the O43 
set of cous suis, bub 204 graa the cot fre uhich A.S ia deleted. 
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ccabinetion depeain am more than simply ton ontccmss involved and tlre 
probabilities of reesiviig cach. Tha typiecl counter-instancs occurs where 
gembling itselt is of valu. For exauple, svppose x ami y ere winring and 
losing a dollar, rapsctively, and 4 end B are both t. A.7 asserts in 
<i Sde, ED , ty 22 intifrerent to Ch, Ghy> 3 

that is, OR ee ee are on 
ce elias loging a dollar is imiifferent to taking a 25-75 clanos of winning 
a dollar ageinst losing a dellar. The actual probabilities of winning a 


dollar and of losing « dollar are in botn cagos tae sams, bowever, Go 


A 


this case that < 


gambles are inveiwed in the first alternative wiereas only aw is invalved 
in the second. Then if scomscns dasired the excitement of gambling for 
its om saks, hs might actually prefer the first alternstive, and this 
would contradict the axion. 

The abowe oxaaple is scmexhet similar to the case of the mounmain 
ohimber or the Russian Haulette player, and it might appear that the two 
axloxs Aoi and A.7 stani or fel! together beczuse the counter-ouvamples vio~ 
listing then are of to saxs type. Theve fe. nowver. 2 certain differen 
betwen the case of the Nessien Houlette nlayer and tiw porson who enjays 
gambling far ite om sri, in that, as we noted, the Kussian Roulette player’ 
prefers his geome becauss the outcesy of living through the gethle is differ- 
ent frem avec preferabis to the 2lternative of living without gambling, where= 
as in the case of the man who enjoys gembiing, ibs set of pussitis cetoouss 
in the gambie <p <x x (l- 4)y> » (je-p )jy> may be the sam as the out- 
comes in <u Px, (lo «Bp dy> > but the process of cotaining these cuteanss 


is different; in the two cases. 
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The following axion set, similar to ane given by Paul do Sanmalscd! 
shows a sanewhst different formalisation cof utility theary. The chief point 
af diffcrsncs Mize in the zorralization of the risk cperator to includes 
risk carbinetims af more than two elteruatives. This is of course not an 
essential penersliestion, sinscs it is alwzys possible to form risk cambinae~ 
tions by repeated epplication of the risk cperater on pairs of alteormtives. 
The oni rae)+ in either cass in the same: the derivation of the Bernovllisen 
uiLllity Suauckions, Ths existenes of this functicn for the two systems shows 
that thay ere equivalent. since this implies that both sets of axious aro 
Batdsficwio Thin lest csametion is not quite truvo in the case of the axvicn 
system we are about to propese: es have chosen to impose two arbitrary reo 
striciions which niod not in general be satisfied by a system for which a 
Bernoullian utili’ exists. These restrictions are not of graat consentual 
eignificanss. Sub serve to makn tis doiivation af the utility function partic- 
ularly easy. 

The new syoien is based on a Kinite aot of "bagio” alternatives: 

Al sAgsoces tA Tresc rav be intersreted as 2 get of macually exclusive “gure® 
prospects, Fran theres prospeats as a benis, wm scan constinct arbitrary 


risk sonubinations as Yollewe: for 4 = AnoussDs <1A> is a rlek prospect 


interproted as getting Ay whith probability 2. If Sypewvstp BTU rie} ara. 
kk 
ppecta, and 4,,0005 -4, are probabilities such that #4 © i, chen 
a Fy — FD Ms 
wd. 


Apes ApMazvecs Ay My “> is a risk progpoci, We may conaider any risk 


pact <4 Bo dyFysroop a as a ticket in» lctterr which awards 


Eypsores%, as wrbees. with probabilitics A,saers d COS pestively, In 


K ke ; 
i. Saausison [27] An immortant addition Lo Ssmurison's alongs Included 
hers was suvgested by Professor Howard Reticay 
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id gemrel, the lotteries award prizes which 
since for any sat of tickets we alles for tha existence of a icttery which 
awards those tickets as priues.t Let K be the total set of lottery tickets 


of all types built up in this way, Jf a parson chooses any ons cf ths mom- 


bexa of K (4.0.5 anv lottery ticket), then he recoives whatever prin caas 
lottery yields when omn off; if thet prise is another letiery ticket, that 

ans too must bo run cff to determine what tim person in to receive. Ti any 
gase though, vhat the person fincliy reccives ig om of the basic alternatives, 
wines these are the crly prises which are mt thomsalves tickets, Tt is 
assumed that focz smonz the entire set of "tickets" ths person must choose 
exactiy om, atid therslors whet ho finsDy reneives in juss one of tis 
beste alternatives, the ons resulting frus the particular cutcauess 7 tne 


ro) 


lotterias involvad, lucther sore, sack ticket is asadciated ulth a defini 
provabilaty of roesiviag the basic altermetives, To each ticket, =, there 


& Ves 


I ae 
corvespomis a unique associated tdekot, x of the following type: 


< “Ayo O09 “An > 


(that. ig, wheee only prises sre besic alternatives), wiich has the samp 


prosebilityv ef yielcany each of ulus basic oltermatizvas as doom ths original 
ticket,© 
Yiialiy, there is » nreferencs-croindifference relation, 


defined over te dlets KX Ths system thus cotsined can ts regaried as the 


== 
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1, We itust be careful to préznibit ths existence of lotteries mich exard 
their cim tickote as prises, or which auerd as ovricss tickets to lotteries 
waters in turn smrd prizas which are ticiats to the Hirst lottery. Sush a 
aituatéon would arises for lottery tickets x.y, ani 8 where x = o57y.52> 
ang Yo aStgo 58 “. If ie lotteries aro ren off im tempernl seduense, ue 


of nats Sot ea A 5 
mast demerd thet the pices in «a lottery cam be oicaer ome of the basic 
nitersatévas or ales tickots to lotteries wWiich ave run off Later. 
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2, The *"essecintes’ wich. muy be definod indauctively as PciRhewms 
, A os s oe . ‘ ey, + ; 
fa) Ag x= Chg? is Looooets the3 mo R Aq conn lly 5 v0anGhy’> 
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gerevalisation cf ths syste involving preferences among tisk cawbinations 


af just two ouicosss. The risk alterantive «=,(i+ «jy in the ven 
Nemann-Morzenstern system can be interpreted a. a lottery tick=t to a 


lottery yielding only prises x ant y. (He assum thet ths ticket halder 
got) smactiy om of the prissa; in ordinery lotiwwries it is possible to 
get no prize, but this can be interpreted as the prize of "getting nothing? 
In ons respect the present system is lese pemral than tho previous ons; 
it starts from a finite set of basic prospects, of which all others are 
risk conbinetions, and there is no reason to suppose that this should be 
tua case, Tho restriction is not fundamental, though, but serves to make 
the precsmiulic: icxe and the derivation <f ths utility functious simpler. 
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tno eonditionn wirich « Bernoullian utility functic st satisiv 


=> uly} ffand only if x 2 y¥3 
BP WML Myoooes hehe PH) = -ylEy) © a00 + 43 la) 
Clearly. condition B° raduces to eanditicn B (pages ) in case k > 2, since 


. a is 
for ior) mle ys Ptr ee AL eyo 4oXap bd ek) (l= 4 Ey > > hense 
aly a {he qt ) ad ¥ oxy) - (Le 4) a (x5) 
es in condcision Bo 


Using the present set of axioms yuo shall na abies to give ae very 


simple construction of tho Bermncoultlian utility function, In order to make 
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this -onstruction puasible wo heave asaucsi that thers is a finite ast af 
baslo altarnstives, and thet at least two of them are not indifferent (in 
case aii of them are indifferent, then all the risk camounds are indifferent, 


oma ohn Tye TS ane Piemettimm ew ater ae TW Y Oe ee ae ee 
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Bol 2 establishes a week ordering over Ks; that is 
(i) either x 2@y wr y 2x 
(44) afx 2 y and y 2 & thonx = 2 


‘a DNurther assums that the basic alternatives are arranged in descending 


arder on the seale of preference: 


Bob TE ay Yo AS Dposogks tan CX 20000 AR KAT sores gD 
Kg Ve o Rn = + > ‘- ~, 
Bo5 For i = 1,.,..,n, there axists S, such that A, ap £65442 (Ime, ) A? 


Bob <a Ays Um AS = <p as (1-8) A if nd mtr ig 428 


Ve shell not attempt te crecuss “he above set of axians in ths 


~ ae 


same dstal. with uiich w discussed Ge ven Neuxami-Mergenstern exiens. 
Axiom Bl is, of course, the suwe an axioms AL ani 4.2 of von Neuen and 


Morrenstern, Bo? states out assumption thet thare era =1, Lasst tye elturns- 


tives tr°% are not iintiyrrerent, Note thst Ay ang An lie at tha extremes 


of the scale of preferences, vith all. other clternsatives lying botween, 


Axion Bo3 in 5 sort of goneralivation of Av? af the vor Newnannetlorpenstern 


axioms, that, is, it asserts that the evalontion of tha lottery tckota 


a a +s cee cue SEE O VON 8 eR mere we a a nc ne wc a ES, is Se eee Se ee wens meres me “NE © 6 es re ee 


fa. a 


aiwonds solely on the bosic slierrativas which may avembually be received, 
and the probabilities of receiving each, 2.4 is enalegene to 4.3; a kind of 
mbptdtutebiiity axion stating thet probability combinations of equivalent 
si.ternatives are equivalent. Bod and B.S together serve the sams fraction 
hore as was sorwed br Aol: and Ao>d in the von Nevmannorgenstern aystam, and 3 : 
tii Pact. Ach and AoS ean easily be cerived from BoS and 3.6. Bod sesarts 
thet fcr any of che basle alternatives thure ie sose provcbility coanbination 
0: the extreme altornetives, Ay and Aj, whieh in equivaicns to it, and 
B.6 asserte that in prccabllity cumbinaticxun of the extrrnw alternatives, 
tle one which gives the grestest chance tc Ay (tha most preferred alternative) 
iu tha one thut is preferred. Nove that if axtiea Bot is net satiaMeds 1e®s5 
it £, and A, are indifferent, then all probability ombinatione of a; and 4, 
ave indifferent, and 5.6 would nei, ve satiafied. 

Tr ide Poiio oving section we shall use this exion est in constract- 
‘aay the Barnoullien utility functi.en for the ctags of “lotiwery tickets". 


<> The ERs pang . Thecvey the Construction: of the Eernoullian Uidiity 
Fonction: cus ie Uvicneness or: the Fonecian 


OATES 2B. 
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Se wo hers cole abkeva, the principal use mece of the axioms, az 


@evive the salioteree of the Bernotiidan uisbity Paucuica, Per exampla, in 
ties theay «f gqamse, atilitice ari nan? an the median in which the psments 


in the owtecnen of the genes arc expraszed, ond the prafarence relatisn 
Zieelr dean not, enter civectiy at all, It ie aetivemely imortant then, that 
tae axions civen eve suvfidiert to guarexies ths caistsno of this Panctlon; 


aad for this reagon, the 2ain deriratden from the oxicns is the "mapping 
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theoren™! atich asserts the oxistencs of Ge Bernoullian wbility for px 
exonces satisfyics the axrione, 
| Jn this part we indicate the construction of the utdlity functian 
fora profoxsr ealation satisfying the axions af aection Zalto” fhis con . 
struction arres the cas, Senoolen: af shining that a Bocnciisan wlilihy 
unction sxists, what tie wapiriesd significence of of the constructed function 
fino wo Nerzsm has shom? that a Bernoillian utility fuetion exists £ 
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preferences eatisfying the von Nevzune- Morgenstern axiaise The proof, 


however, if, quite ivag, aid bo we WAAL nos SIGH Sticmpt to gketch $% hew 


tvt will corfins ourselves moraly to stating tho ranlto ‘ te 
Suppose x is any of the coupows) lottery ticimts in the system of 


section 2,h. Accarding to agicu B.3, % UN held as indigiercns to ite assuci~ — 
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ated ticks x, widen yielis as prisce only the bagi Dtermtives, By zevesd,» 
Suppena < Pressey ary roppoctively, thc probabili‘iies with vhieh Bgsewesky, 
are received in S isees ; 
R= SAyhys Hpfiszeces Aha 
Ey asion 5.5 sach cf tis A, is indigferat tc soto combination of te cortrers 


alternatives Ay er Ay 3 therefore tivwe exist probabilities os such, that: 
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stibated far A, in the ticket %, sad an cqrivralest iicket PHSMULGS? 
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1. , The mappleg theorun ig so cablos because 
Sag Fs.) Reapps a ogtoe the roel merbers fret: Boe 
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en Se he ~~. 

vor AS hya> ety) A> 
'y? ie a caspomnd ticket (a ticket whose prizes aco the tickets 
<e,h,2(1-<, ) A> ), and hence has an equivalont assoviated ticket, ¥. 
y is the ticket which yields as prizes only the basic outcames which can 
be received by playing out y, with the probabliities for these alternstives 
as given by y itself, The only possible ovtcens of y are simply Aj, ond 
Apo amd the prebabilities of receiving tiitse are, respectivaly, 
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5; Vasyv-: andy ~w FT, thon xz ah Heneo fer all x there is 
at least onc Isttery tickos of formy (sce. an associated vickei. unich 
yields as prizes only the basic alternatives A; ani A,.) to which x is 


indifferent. It is an easy coaseqrents cf axlon 8.6 that there is at 


most ome tiles af form y equivalent to ¥, so % is eaivalent to a unloue 
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Let x" be this tacket. He can now construct the utlitty funstion directly 


an tems of the tinkeat z%, That is, if x is any ticket, and 
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and the fumetim, uv. satdsfies condition A. To show that v is a Sermnquilisn 
ability it ia only necevsmy vo show that 16 gatisfies conditicn B*, Cone 
sider the ticket x= <“)E,.e00> 42%,> 4% by the definition of , 

xs ~ K ule, Mays (1euGe, . A? 
Thercfore, according to axiom Balt, 


— 
> 


ZQngky seco yy Sq Sel My sa Me renee 4, ie KUCH IA,s CGeulg, aS 


But the associated tickst of the cansunc ticket en the right above iss 
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Hence condition B! is satisZicd, and u is a Bernoullien utility funetion, 

We are now in 2 position to unierstand the significance of tix 
utility fonction thne construnted. We have seen that for eny caspeunt 
alternative, x) x iv indifferent to the lottery ticket, <ulx A, » (1eu(x) A> ‘ 
Henne, u(x) is simply the prebobility eweh that the alternctive Ay with 
probatdiity u(x) and A, with prebability (1-un(x)) ‘= indifferent to Xo 
Since ufx) is a probability, i+ must ide in the interval [0.3]: 408 
OS u(x) £1. Nits may seem surprising, bat is easthy explained when we 
sonsicer that we huve taken the worst alternative, A), as the sero paint ar 
the scale, and the best, 4,5 as the unit paint, and thet ail, cther altos 
tives lie saewnere botwsen Ay and &, on the ecale of mrefserences and there 
fore betwoun thea in ulility yvelue. To tale a cannrete oxample, suppose 
that Aysoeank,, are altornsizves of receiving incomes of Giifsrent encists 
ranging fran a millie, dollers a year dem to minus a milion (if that is 
peasihie}, on tus average. for life, These can be ranged in dollar incremuiis, 
and Ay is the prospect of receiving a miliion a year and A, {m = 2,000,002) 
de the prospect of icaing os million, Then wo arbitramty scieek A, to have 
utility & asd AY to have utility 1. and wo expect <1) other alisrnatives to 
have utilitics somenoze between O eni i, To determinsc te enct utility of 
ts, wi simnly determins the prebsbility u(x), of which wo would 
believe tha, a chance u(x) of petting a million a your for ifs ard Len(x) 
of lostine a million o year for life is fest, an sven trade with x itenlfo 

fhe arbitsacy selection of © sero point and « unit noint in ths 
atility seale is entirely consistent with tho conditions A and B (cr BY) 
defining tho wiility function. IS can be cncun thet if u sataatis 


conditicns, then any other functicn, wi, maatcd te sw by the equation 


res wey TE: 
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(where a ond b ars any real numbers, such that = > 0), 1s aleo a Bernoollian 


utility function, This implies that (at jeast as far as o tions A and 


B are concerned), the choice of the particular utility fusction is arbitrary 


to the extent of the selection of sero and unlt points. Unce these puis 
are dcatermined, however, the viility function in Pissed uniquely, 2s ean be 


seen fras our construction of the utility fumehion for the system of section 
2o4 in which choosing A, and A, as sore and wilt pointe is accamanied by a 


unico detarmination of the mtilitses of the other alternmativeso 
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3> The Depision Pechlen 


33 Posertetien of the Decision Problen ant Ste Beletionshén to etek 


The éacision proilem to uhich we refer in thie «csction is siaply 
the probles of deciding, in what is in sous sense ths “hest’’ way, among @ 
mamber of alternstive courses of xotian, A theory of decision procedures, 
Like utility theory, mey be interprated as cithor a definition of raticaalityy 
ce af an emirical theory purporting to describe actual human bshavicr. 
414, in particular Rewrss "tien utility, ie said to be a special case 
ef 2 ascision thoary, becense it relates to choices (ie, decisions), in 
eitaations in vhich the ortcoms of the seiected antion involved Fisk, AS 


® definition of revionsiziy, Pernoulliim utility provides serteia princi 


natives under consideration invelve no mere then simple caletlable probe. 
tatitiss (euch an ars exsmlited by alternatives whose outcames ore cepend= 
ext on crente Mim the fail of a coin a die. or & lottery), it is hard te. 
imagines any moxo rules «f rational choice beyond those ‘implied by the arias 
ef Bernonditien utility, That ie, piven a ant of basic nrefersruss amd 
intensities of preferences, uich us cocoon arc entirely arbitrery and hanes 
nm, osasarshed by rations eulea, tho anions of Bernovillian utility folly 
prescribe tha prafemances cuong the rick cobinatlons of these alternatives, 
henes oauploidly oolve the decision problem for choices ang alternatives 
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2. Exeart for the requirenem. that the prevercnea crdaring be Yconsustant®. 
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Quoe wa get besccui simple riek combinations of alternatives, w are 
conse more ctnfronted with the need for principles (either prescriptive or da- 
serintive) of shaice snong theses enlarged sets of aliernmatives. Lat us examine 
sous of these new kinis of decision situation, We :cties in the introducticn 


that ome ehatecs fnvalen wmecet. aint! ae seman ta wit ab _ Awa trios 


exmmple of a d=<ision under uncertainty there is the sage of the man trying 
to decide between walling ham or witing for a bus late at night when he 
does not know wos’ the bus's schedils is ami wnether ths last one has Zomo 
Within the reoiu of nreeties] penhiama of tiie tyne which it ia imorrtant to 


try to hands systematically, are statistical decision problem. Sucha 
problem arirss when > firm attempts to decide om the basige of same sample 
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= 
actual compositian of the let (the percentage of defective item: within it) 

is unknown, and the ccrpany aims to cecoept only lets which macat its standard 
and reject only thoss that do not. The caapany then has i decide usine the 
Linkted intiamaticn provided by tho saaplle. The uncertainty that is invelvod 
here lies in the faci that the eampany dces not kuow at the time it makes 

its dscigion whether 14 wade ths right one, or evon. in most cases, what the 
protebility of anes™.r ig. Rativar than attampt to give any clearer exposition 
of statistical daciscion probleas hore, we shall dofar extendsd discussion of 
than to Part 30.3. 

Stith anothor id 
gam, Tha sentrol festure of these hross of decisions js that the final aio 
gama of any crrren G? antien denenda nok only on the antion, of on e@eithar 
imam or misnoum rand factors, but also on ths actions of an opponent who 
may be rational and tzy to anticipate ths other's sewlcn in arder to turn it 


+o big om aiventages Gece we arrive at the theory of geass, the masver 
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for whom medern Bernoullian utility wea created ay servant. Ag wa have 
presented the prebice of desision uniar unmertainty, secislons in gaye ras 
situations exe simply special cases, in that the result of an sction in 
@ gas ig unna>zain to the eatent thst it depends on the oppsneant's act, 


ae 


ag wll, Strictly speaking, Us tera “aisertain® is veeliv rasearved 


for alta-natéives whose outcems is ceapletely detemiinad by the act chosen 
(1.65, the “decigion"), plus certain randan nvents, of which the relevant 
prebabiliides are not Imam, and are net dspsiduct on the avidons of & 
calculatuan oppecitiemn, The cifferenns hets:en decision in game situations 
and decieions under uncertainty lies in the cacti thai ibs outcome Of an Vas 
action in 2 geome dependa on acts of players whoce om actions dezend in turn 
om ise first pleverte emtion; simicas tus satcinsic Zacheore seating tim 
outeusa of 2 cacision uader uncerteicty are indensnient of the decisiom made ot 


For exammle, in the questi of whether or not to wait for the bus, and if 


“805 for how Long, tx cuteome depends on the man’s decision and on ti 


actcal schedule fallorec oy the bre. Hoees=, Us bus'’s schedules is inde- 
pendent ef the man's decision to wait, so what w have is a case of uncer- 
tainty. This could be easily changed inte a gam situation, howver, by 
waking up # malevdlem: schedule wiich dimscts that the bus avoid, as mucn 
as possible, picking this man w. 


i, Sam of the Gisti tinceicns aisenhere stand in conzidershle 
philosophic doubt. We refer particularly to tha notion of “independence® 
used here, amd algo to tle distinction between risk and uncerteint);, depeni- 
ing, as it seems, oa the distinction beinemn “Imow® and “unkzicen” proba 
bilities, and on the notion of *randomvass,® While we do not egreo with 
thoge who winid ralecats th: setivity of alerification of thees concepts 

t© the Iinbe af useless phiiozaphiaing (indsed, it has been just such 
queries vhich have been at the root of the many vefernuiations of statise 
ties and gauo theory cf reosnt years), wo beliova this is net the place 

to attempt, such investigations. 
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> Having tiws emphasized tim differemme betweea gaze devislons sod 
decisions under uncertainty, i+ remains to point cut that the iwo probisas 
are sufficiently similar that it is possible to go sus distancs in tresting 
them before 4% js necessary to eek the distinction, “ven then ths distino- 
tion may mislead by induaing cre to believe that decision problems are defi~ 
nitely of one kind or the other, whereas the fact ic that many nroblems 
LWVoLvSs elaisate both of uncertzinty and of a gam. 

We: heve seid that Borreullian utility theory "salves" the cecisi.on 
provlen in the speeie? case in witch the fins? cxtcases depend only on the 
action chosen, and on random Zacters for chic the orebabilities are snow. 
The solution consists in the fact that cach of ths alternative actions la 
equivelormt te nalaetine acan probability caxsbination of the final outemes 
(analogoas to chovoging a lottery ticket for uhich tha firel outcome sre 
the prises). and heres it is possible to assign a utility to the actions 
timaseives which is acmletely ccotormined ty the ubiiitiss of ths cansequonccs 
of the actions ana th: probabilities with which they ccewmo In deciding on 
& course of action, then, one sinply saissts that with the highest utility. 
In passing to the general decision problem, vw still have a set of pogsible 
actions and a set of final cateaces, and it is useful. to represent the 

| fine] ovteaoas ii terme of thaar asscaiatad Derncullian utilitieso Tims 
in the thoory of games, 1b is useful to reuresen’ the possible rewuirds 

| fron the gore in wres of their assccleted uidlities, In generai,. tis 

| ebjeat, as in ths aass of alterritivea ualer risk. ig to deturnine which 
of the available ations yields Wis best cute mar an measure? in utiliuy. 
In ths case of alternatives wider risic, the best astion was thet ons 


wnich itself? had the bishess Rernomician utility (4.0.5 yielded greatest 
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EN Rarnoullian wiilitdes dirsetly to the alteraative actions tn the general 
decision problem, hance it is net possible to salvo it by selecting the 
action vith createst wiility. Bevertholess, the reprecentetion of the 
cutcenes ce uLllity payments has mary advaitagss. Tor one thing, ali the 
fine? sarmentn ave saduerd to comersble ausmtities, viereas the actual 
physical situation may invalve payzente of very dieuarate icinds, such as 
sotial, prestige, menay, foodstuffs, ctc. Secondly, chances svente may be 
included among the possible cutccmes, since Bernoullian utilities are de 
Tined Sar thease as well as vor cortainties, The simple relation between 

the utility of 4 risk altavuative and the utilities of the sure alternatives 


of which it is comounded has profound consoauences for 221. of the theorics 


Ts ascerdance with the terminology of Gershicl: and Blackwall, 
we shell speak: of al) decicim aituations as games, though in fact any 
given situation may involve no competitive factcrs at all, Kash “geno? 
wild invdive a mmber of "players™ wien wo call L;2seco9to Te is to de 
understced that ths first player is tue ons in whose decision we are 
interesveu, ami ths cther "slevern". 2 


aco:f ars his Sammente®, The 


terminclogy af gamea je uscd orly for convenience and uniformity. In 


ee ee ee 
~e 


general, the plevers, especially the onnenenks, nesd not be huaan beings, 


ers. 


2. Hach 2? this material is dram fren Gersivick; MoA.- and By, Muckwell, 
Theory af Gemes and Statistical Decisions, to which wo are deeply indebted. 
The notation d here differs considerchly fyme theirs. 
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and mey be are dastere wich inflmence the oxtcone in a decision sliuae 
tion, Associated with eavh player, 1° 1,2,c0ee58, is a ext of possible 
“actions® S;. which we will call the strategy space of pleyer i. Each 
Player is assumed to mrke bis decision in camilete ignoranse of what 
shoices the <pposing players have made. iwusn each player has moved, the 
catcone is dsterminsd. Wo dense the outcous resulting fraa moves & pevesG,5 
Bleysoc«g8,)e Tho ast of pessible cuteams, then, is the eet of events, 
Bis seeeg,) Yor every possible combination of actions by the players, In 
conforsiity with our former notation, wo ¢csnote the set of cavcaies Dy iis 

Fer eqch cutee, k in K. there ic a ect of "payoffs" to the 


plssers, Instead of werking with the nevoeffe directly, ve shall work ith 


ee Fees 2 anew SAR Sten Fee 8 FE deep i? 
Bernciitlian uidlities associated with thom, The uidiity te pleyer 


fam 


cateome k will be denctet u,{k), ‘Then for each set of scidons, 2502025, 

ty the playors, there is a corresponding payoff in uidlities nu, (B{a,; 2:4). 
To aveid the cusheranm notation u,(E(e,,-0628,))), xe let the functicn 

BH, (s,900078,) repressué its utility payotf te player i, isses 


Hz (a1 9006 38.) ad 2: (Els sveentt,)) ® 


H, will be eslied the "payaff fanction” for playar ie 
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somo of the players, since in fact they nay represcat inanimate factors in 


th: dsciste: sitestton, and bomen herve no wmnferenno. In thess sasee we 


will egsuss that u, and M; arc uncsfincs for the “pisyer? 3 in questicns 
in the case of statistical decloions, the snkhy ammete player is pligee 1, 
ami his cpponoat is mature. In this cass wo casigzete player Lis ubiliiy 
and payerf finetions u and M, onitting tha subscripts. 


_ Waacner or net the opeesing plsyere aro animate, 1% is plavor L's 


proklen tv choose fam the sct S&, of actions avalichic te him thet action, 
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So which sill yleld him the best outcome. This is the devision problem 

Let us appiy the sbetract schose just set up to sam ocuorete 
situations. A special, ixivlel case is the “gare” imvciving only one 
Disver vith rervible action x and payoff function Mp Far each act x bs 
veheives utility H(x), and hence his decicien problem is solved by seiestisn 
that action for woich the utility payment is greatcst. 

The most obvious anplicaution ia te gamcs. The simplest game. 
aside from the isxpersen gams, involves bat one move by each ar the players, 


——- OP .n, 


after which ths payoff is mace. In this case; oir schoam cin bs apps 


to the scheme through the vee of whal; arc cal2sd “siratecies.* Suppose, 


t 


for tha seks af simplicity, we are considcring the 2epersen games tic»tac-its; 
in woieh playsr i has the first moves A strategy for player 2 in this case _ 
is some nia oF set, cf miics which tells bin weaivecslly what move to make 
in every citustion in ubich ko may find himsalf. A strategy fow player 2 

is defined in the same way. Ther clearly if the two plsyers each pick a 

ace 


etench 
Teas: 


2z, névenes, thove in no reed for Grom to play the came cat, because 


gy 


they could both te3 theis sizwtegics wo & TGZeree who could carry ext tis 


Indicated noves and datamine the winners The fame is nov reduced to a 


pingle mwa by cach plever, nomcly, pieking a stratezy from aieng the stra~ 


tegies which are permissibis according to tne rules of the game, 


os ~ t : Ss ee (Rta tats Ss mn presage he Rar cerere OF 
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te eva reduecd ths game to 2 wmesmove form, An oho semral gov sitimtion, 
ot pfs ash F so ‘7 3 le Ne taF BY 
@ the seus 3 (whieh ws have alresdy desisnnted "siretegy spaces’), are just 


i the available strategies to player i, and the game conpists of juss one neve 


by each plinyer, the act of shecsing a straicay. 
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AS yet we have not menticned gemos wrie® Involve chante m 

though thos, are indssd ths great majority of games we know. any game of 
sarde, for «mmle, invelvan the chaacs factors which doternine the order 
of? cards in the sinefled deck aad tharafoere which esis ara Gelt to chor, 
A siretegy in poke? tells the player jnet what to beb (or whether to with- 
ares} andi 2? there ig any leeway in hendiing his cards, how te de thato 
But evel a ci the plisyers keve dote:mincd on certain sirategiss, the 
outcoms of an astual play of = gusc is nos determined comlstclr, tecmine 
this copond: siss on. what carts ace actuclhy tcalt. Ono way to trast iis 

tion in to introduce anctksr playur, player n+ 1, with avaliable 
strategies 01. whem vo might cell "anture” and Hao daterminsa the outcome 
of all chence occurrences. In the: casc af poker, ths chance seourrenses 
are confined to the almfflings of the dork. go the space of nature's straio~ 
gies, {1, is just. tho set of possible shuiflingss Then for each choice 
of strategy s, by the pisyars; ari orderin: ef the cards oy nature, W >; 
there is a tniqnely determined ouicans, E(s;>+0625,9t) and payoff to the 
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decision preticm depemis nob oniy 03 the siraiegiss avallabic to ths players, 
bat slgo on thoir zuehivations for pisying, represented by the payor? funre 
tions. The inclueien of a player who acts randesiy, withort sctivation, 
means that « slivation involving Garis ise of ployer cannot be analysed in 


tha seme wey as cone suvelving oy intclligently cameting playesss Our 


Lf 


sscond mathed of renresenting zaecs with rendem moves avoids the intreduc~ 
tion of this addition player. ot us foro mouert imagine the nm + LF 
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player u$iil included in cor n-persen poker game. Then for strategies 
Bysscon Gy for the regular players, and shuffle, there is a unique cut- 
coe: B (it) pcoon Bs UW). Let us suppose that there are only a finite mmber - 
of stystegion available to natura {as is the osse for emffles of a deck 

of cass); we label these Wy Us-+. W.- Bech of these has a definite 
probability! Aprenocts since naturs's movee are randan, Fer aach 
choles of strategy by the players 8, 00028, WE ean defines the “risk cutcarsa” 


E'(8, 500098) wnere for all j = La00eo.m 


B'(84500028,,) = B(a,5 asosG..9 Wy) 
ir Ww, ecenre, Thus B'(8, 5 0098) is the rick alternative 
beeing. eed . Vin ate oN wi Qs 
Qh 49 2255p tnis ls “pbs yee caSys Wo laeres AgtS)s22228y: Ww? - 


in the notation of part 2.4. In this way, an extended sat af outcomes, K's, 
is definsd, including risk outcomes from tas formar act of outeomes Ko 
Bernoullian utiitties are Gfined for risk cuisames, hones we Gan define 
rey payoff cuurtions ii! for the plsyers. ani the eew functions sre related’ 


to the criginal, functions oy by tha equation 
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le In gansral., these probabilities Aanouaset. necd not be indspsndsni of 
the choice of stitacsgiaa by tho ctise pleysese the “'s themsslves tsar oe 
functions az By920958p0 thet 49 ereeial is that. the players now the orchba- 
bilities, iad how they depend on their oun choliss of strategy. ii case tine 
Diayara do not enone tie probabilities, it ig nos nossible te scarry cut the 


reducti. an hove outlindo 


2o This fdllews immediately from cordition Bt, po[5S9. 
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wo have applicd the formaligation co far only to desaialons in 
zames: the same scheme can, however, bo used te represent decicions in 
other than game situations. We have manticned the decision problem undse 
uncurtainty. This can bs formulated 2s a Cone” with two players: plaver 
one, who attempts to make the decision, and player wo, astare, who my 
be im one af a mmber of "states™ chout <hith player ons a3 4gnorarte 
The «sitions or ®strategics” svailable to player one and-nataxe are, respeck< 
ively, Sand £). , ami fer each choice of strategies s and OL ty the players, 
: $e niaver one. J% makes no senso 
to talk of a payoff to nature, since it is assumed that nature io indiffor 
ent to the outcoms, To repiegeat ths problen of the man irving to deride 
hee long te wait for the bus befcre be gives up and walks hone, the man's 
atrategies ara just the sot cf tive imtervais he could wait before starting 
to walk, and nature's strategies axa gust the differant pcusible tines at 

vic.eh a bus might leave th sthon shore the san is waiting. Gace man and 
nature have choecen their strategicse, tho outcome is cartain: 22 the waiting 
interval chosen by the man is such that a bas arrives in it. the man ridess 
utherwiso he wilies, Therefore, there is a tefimite utility for the man, 
H(t» iA} ) associated with cach pair cf steatogies 9 end tv. 

Unlite the case in unich natvze’s choice cf Avery is mado 
gguordivg Go knam prebstilities, xs in gomes of chomee, Lh is nob nesgible 
to suppress nature's raie in the cecision “yene™ by inmbcocucing risk out- 
canes in the case of uncertainty. In the tes examples, tie men will in 


gereral net be sbto cealiviicaizy to assign definite pechat WELLES 


arrival of a bus in any interval of waliing. If the man did now. ser any 


ressible interval of waiting, a, a probeb lly Ps that the tus would arsive 


in that interval, then the proven osc be sémplifisd ec follows. Lat tu, 
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) be the stwategy of natero aff having a lus arcive in the interval s, and W! 


bs the strategy of not arriving in that interval, Then ror each interval, 


s, there is a definite risk outcas 
< Ps Efe, WW is (L-p, E(s» W.)> 


That is, a chances p, that the bus arrives during s; ang (l-p,) that it does 
not arrives If f(s, J) is the utility of siwategies » and WW, wo oan 
define = peyoff funstica M’ for the strategy 6 a wleno by ths equation 


x 
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Mt(s) = pis jo Clep_ ile, WL). 
(s) Peis, WJ 7 Gep, Wiles Wy). 


deity the Rergoullian utility of tim risk alieriievive gavon abers. 
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From what we have shem, if it is possible to defim probablliticn for the 


times of arrival of ths bes, then w can raduca the preblem to a 1 -gsrson 


game for which the decigion probier bes 2 triviz! solutions 


303 Himed Strategios 

wa bave seid thet the sete cf actions or stiretegica svadlable +e 
players Lyeoosh are Sy 920098, Fron any givan so% of actions, B59 availabic 
to player 4. we oan ponevate a larger set cf sotions in the following wayo 
SupPPOsI Bs is Minite, end consists of the strategies S gov09do Then instead 
of ehoering om of the strategics ontright, player 1 can let save shanss 
ésvico asoide which strategy is wil) use. Ths chance devics mut then give 


a certain definite probability oy to esch strategy 8» where 


since exactly one strategy mist be chosen, The ast of allowing ths strate:y 
to be chesen by a random dSvic? 45 caliad «¢ miscd strategy. Esch wimd 
atcatugy ie reprasentedc by a distribution function, ¢ , where for 1 2 lycorcam, 


(a) is the probability with ubieh strategy s, will bs chosen, To be shle 


i 


by RE 8 EE On a 0 TNE RSE ee we Oar EI TERSSTE Sve cr 3 a 
® 


i taacienetrlainieieaie ane tamil oT: Rin vs eo ae eg Sa a oe a a TN re: 
. aft s nike 


it 


Teo 


5 


to distinguiah the original set of strategies fron the mixed strategios, 
ws will refer ts the original strategies ae pars stratezies. ‘Ths set or 
peesible mixed strategies for player 4 2s Just the set cf distribution 
functiscnss far the strategies B® scceso We dencte tho cot af mixed strate~ 
gies for player i, xe We pow envisiaas af anlaigsd gauss of n pisvers in 
which each person's move consiste of picking a mixed strategy fram smong 
thoes avalichis to him. 
Onsee these strategies are picked, the gem*'s outcome is dsterminsc 
Gdiapletesy saceps foo rand: factors. The raniom fartora mov antar at two 
points: first, in the opsration of the chance devices which determines which 
ef the pure stratezien the plarers are to follow, and second, at randen 
moves witwin ths play oi tiw gems, Sincs the probabilities invalivad in 
tie cheeen mixed strategies ars known, <ics ths strategien are piched 6 
definite prebsbility can bs assigned to esah possible cutcams of the play, 
Herse a choice of mixed stretaglos is associatsd with a risk cutcans, Ts 
illustrate in the ceso of a 2=person game, supose fayroverm, $ and 
{ ty. socost, pare tha strategy woaces of players 1 and Z Seqpectioely: Far 
any cholee of pure stratagics 3, arei ¥5 by the players, there is a undiqas 
cutecsa Elsiyb4)o Let puaysr 1 now cheese te clay according to mixed strategy 
& (ic®oy  GwGae 3, with probability o (a, 3) and piayer 2 to play ascording 
to the mixed atraiery +. This choices iteelf deteraines the risk ontcons 


E*( o, c+) whieh is for £ ™ loososMs § = Lycouyn to got cuteans E(s,, *.) 
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with prebability c (a4) (t,), (he risk cutesme is assceizted with a 
Barnonliian utility, ana a payoff? function HM’ fer the mimd strategies 


satisfies the eondition: 
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The reader can easily generalize this to the case of n players. Hanseforth, 
we ball use M, to denote the payaff function to player i both for je 
stretegien and sized strategies, 

It say be asked why mized strategies shold be considered gnong 
the possible sirategivs cr sctians vitich = person mignt take in 0 decision 
situation, Since a mixed strategy is only taking = chanos among a suber 
of pure strategies, and a pure strategy mist evantualiy be followed argway, 
it might be thought tnat a mized strategy can be so better than the best 
puis strategy of thess aoong which the mimd etrategy solects. If, for 
example, the mixed strategy picks ons of two pure strategies with equal 
probabilities, then it met pick cis cf thea, and it might be thought 
that the best it cam do 42 pick the best pure strategyo! Then why nat 
pack this in the first plece? To answer this satisfactorily we siall have 
to go more deaply into the theory of gamss and the conospt af a solutics | 
to a game. We can only hint here that the concept of a “best® atrategy is 
nst clearly defined, a= thst in games against ac intelligent oppccont, 
choosing a mixed atrategy bas the effect of maicing it impossible for hin 
ve predict what action will be taken, anc hence what affective ccuntes 

| measures are required. 


3clh Strategies in Stctistical Games 
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tician is assumed to have dofiicite preferences az io the Gitcams, amd Mat 
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1, This is precisely the tauristic arguaont given for axiaa Asis ps 9. 
Ths fact that thie argument breaks dom hore, ant tha reasons why, stigzest 
eS inportant restzistiows on the range of uppliication af Berncoullian utilities, 
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is assumed to be indifferent. Ststiiciical decision probleme are distinguished 
from genmsral. problems of decision under uncertsinty by the fact that the 
wtetiatiefen can shtain some information about natures hy exerirerting ao 
elim: before hs makes iin decision, lst uz assum: that the statistician 
has a definite wet of final actions, A, among whieh he mst eventually 
chooss, and that the set of possible states <uich Netare can be in is W. 
Given a choles of action, ain 4A, by the statistician, and a state ~ in 7 
of Mature, there ic a usfinite outeome, E(a, f ) which is associated with 
» payoff ia utility M(a, P ) te the etatietiaien. We mist be oarefol in 
the ease of statistiesal games to distinguish tstwen the sete of actions 
and states, and the strategy spaces for i statiatialan and Nature respect 
ively: the strategy spaces fox the tec pleysre are defined in terms of the 
vaasic neta of ecticaw, Lot also invoive the possible experimuis whieh the 
statistician oan perforn. 

Besides thea final actions allo:ad the statiatictean. he ia aiso 
allessd to expeissnt to obtain information about Nature, We nay divides 
decisions based on experiment into two categories: if the nature of the 
experims:t to be performed in ccmpletely detemmined in advance, as far ns 


the physical cperations porfcovmed smi wSesTVations mde am sonsernad; t= 
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sorrespomiing deoision problem is callud a Singis experiment cams; if th 
experimental cperations ars not dstasined in advance. but, say vary seeamn 
ing to whe’ the previcus coservations in ths: experiment bewe bsen, the 
decision situation ig calicd a sequential piss 


Ve may illustrate the tao tyoss of axparixonmt by 2 single etatie. 
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i ticel deaivion problem. Let us suppose that a mamfacturer of eliscirical 
é equipment. has receivod a shipment of 1000 fusss, whieh he suepscts may ecn- 
Ht tain es high a proportion of defectives Wiat it would be more profitable 
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to return the lot to ibe sitipper than to uss time in his equipment. He 
may cezive to sample tho lot by sclect‘ing 20 fuses at ramion ami testing 
them to find out how many defectives there are in ths sample. wx»i than 
base hie deeisian on tie result. This type of seenling nroemdure is an 
exemple cf - singles ssperaimene cacision.? Hess the operations to be 
performed are ail specified in advance: they sre sizoly to select and test 
20 fuses, recarding the nusoer of daisctives, fhe manager ight have per 
formed the following type of experiment instead: tc solsct fuses one at a 
time ab randas frm the let, testine aach oma ea 1% is selected, ant sting 
whether c not it is defective, emi stooping after either (1) iaenty fuses 
have bean tested or (2) a total of clever defective fuses hava toon found. 
Hs might, for example, ‘‘ecide to accept tne lot if fewer than eleven cofsct~ 
4vea are found in the first t<enty, and reject it otberwiss. In any event, 
this test rsprecente a sequectial axperivent, sinos the actaal operations 


performed in carrying ovt the test ars not camletely specified in advanee, 


and may. in fect, vary all the way from testing a minimux of eleven fuses 
to testing a maxim=m cf trenty. 

The aut «f cutcases of the experiment is celica iis sample spats, 
and it is in terme ci ts simple spase thot the stretesv sanace for tha 
statistician is defined. The statistician bases hic decision on the sutcom 
of the szpeciment, smi s comiate scluiian to ths decision provles requires 
him ¢o dacide in advance what cctim he will take in cass any oms cf the 
possible outowsss of the experiment is ovserved, 4 strategy for ths statis 


tician ig a "eomietse” decision af this Wei formally, 2 etrategy 
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1. Na senfusien should remit fron tus fast, that this ‘sine’ experiment, 
con be regarded as a succession of 21) smalier experiments; the important 
ner to be kant in mind ia that the asquence of operations is predstenained, 
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function, d, defined ovar the sample spase (witch will be denoted 'Z/), 

and taking values in the set of actions, Ao Far all s inZ, dis) isa 
wember of A, and if d is the strategy Grcided on by tia statistician, ant 
4¢ 5 ig the actual outcome of the experimat, then d(s) in the acéion taken. 

A sicetegy for Hatars can bs taken to be just ome of the possinia 
states. For example, in the propiam of the fuses, the pcesible states for 
ths purposes ef <ne problem sre just, the possibile mubers of defectiie 
fusse in the total ict cf 1000, It is more usual to tabs a set of probabil- 
Sty distethutione over 7, the eamle ameane. raiiher than ths set of possi- 
bis states as the space of Natzre's strategies, It is ascumed that to 
each cas of tis possible states of Natmre there corremonds a unie proba~ 
bility distetbutten cver 27, in thet, giwun that Hatrre ia in a partioadlar 
state, then there is a dsfinite, calculable nrobability that any ons of the 
pessible cuteness will be chaervad. Fer ineatarce. if the nugber of dexeci've 
fuses in ths lot of 1000 fuses is n, then fer all mn, thars is a definite 
probanility that there will be m defectives aucig a sample of 2 draw at 
random from tis ict. 

We haw dsscribed strategies for the playera, ana the only factor 
still uslefined is the payoff to the atatisticies reslt fran the salee- 
tion of a pair of siwaxegiss by the pluversao To give the definition, we 
muat. go into slightly wore detail then we have so far done. This will. 
ierclve distinaiahing the cases in which the experiments: themselves have 
no cost (where the pisforsming of the oxperiment doss not affect the total 
wthlity of the outewmes} fron those in whieh the performance or the experi« 
ment mast be reckoned iats tha utility of the finsl miicas, Sits Us 
a operations in single-experine:t decisions ce all. fimed in advanc:, theas 
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naglected as a factae in the dscision, and 0 generality is lost if we 
asswes that these cxperimente have sere seste, The coet factor is not 


constant tor sequential exporisents, aid eines a wiea selactio of strstegy 


by the statistician aay be able to coduss 1%, a ‘cost function’ cost ba 
Snoluded as an explicti factar in stonying sequential decision po iscas. 


Zolcl Payot? Fanssion and Siwategiesa for Single-Experinent Genes 

leat A be the nat of termine] extions for the statistician, let 
2 be the sample spas ior the experimert be is to perform, lei 7" ts ths 
set of states whieh Naiaits can be is. and let M be the payoff function 
such that H{a, f ) is the payoff in utdlitdes to ths stetisticlen remilting 
from action a by iim and state f of Ntore. A strategy (called a pure 
strategy ¢o distinguish 1+ frais mized strategies, ich will be dscerthed 
later) for the steiistician is a decision fusction, 4, telling iim whist 
gctian to take for cach of th posatble outcomes of the sxperimant. Let 2B 
be the sect of all such <mciaion functions: D, ten, ils ths space of purse 
atcatec’es for the statistician. 

Associated with each state, f, of Hature, there is » protability 
distetbutdion Wp uve Zy such that if Nature is in state p » than tad fe) 
4s the probability that « will he the setnal ontecme of the exeriment. Lat 

" ya the sot of ail the probability distributions over 7% defined in 


8 
thta way: then SL is the @pace of stretegics fer Batarsy 


j ye must now define the payed? fusction corresponding io a cncios 
ef strategy d by the statietician and ly by Nature.t Ir Nature acte accord- 


man for auch cii.come 2, there in a deMinite probability Laduo(s) 
i 


ae, 


ta 


io We shall asacme that all of the dictribution functions, (y). corresponding 


i to states of Nature are distinc?. 
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Qa thet 2 ¥Ll1 ccour. Ths action taken in this event is d(z), ami tha correspand- 


ing payoff M(d(x) ? }. Sinee each of these outecansd tas a defirdte probabil~ 


-—w . 


ity ami is assceiated with the utdiity M(d(2) to de the compound Bernouliian 
utility due to strategies d ané lap fa the gum of the payoffs for the 
particular cutemes, mitiplied by the probabilities thst thoss cutcams 


will be observed, Let M(ds Ud) denote the payoff due to strategies d ant 


Ea pe: een 


M(a, Why = £ M{d(z). P) Wd 2) 


Recirine the set of pure strategies, >. for the statistician, there 
is the carresponding set of mised strategies, defini! exactly ag isi 3.50 
Having defined the payoff function now for pare strategiss, its domain of 
defirdtion is extemied to cover mined strategies cl"s; as shown in 3.3. 
There is a second way of defining mixed strategies for singie experinen’ 
games, which is perhaps only slighidy more cunveoient to use then the first. 
This method consists first of extending thy set of terminal acticns, A, to 
include not only diserste acts, but probability cuminations of those acts 
If ws were stil? working with a decision problem umer uncertainty, in which 
the statistician's pure strategies ars juet the elemants of the set A, then 
the extengion we are considering would be just the set of mixed strategies 
over A, considered as 4 set of pure strategies. Lat the extensian of A be 
danced 1225, As we hava akown, the payorf function can be definsd for these 
mixtures (wa avoid veicrring to the members of A* as mixsd strategies, since 


we exe eierving that term for mixed strategies over the doamein of decision 


finctiong}. We may now ecnsider A® as the set of terminal actions for the 
! statistician, and consider decision function d* which pick out for cash 


possible cartems of the experiment a particuler morber of A# te be tain 


a 


3f that ouleanes takes placeo Formally, this fiction d& is defined over 
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Zy amd tekee value in i, ach trat if the statistician 
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acts according 20 d®, and the outeaic of ths saperiment is 5, then 
must take sotion dt(s), witch is a rink combi:ation of the basic set of 
action, A. we shall onl] strategies of this second iiai mixed strategies 
sino. 

We =r imagins the ditforence betveen the teo kinds of mixed 
strategies as lying in the fact that in ons case we define pure sirategiss 
as decicion functions mapping the sample space, 2, into the set of ‘pure’ 
actions, A, taen form the mixed strategies by taking probability coubins- 
téons of the pure decision functions; in the senond case, um first form all 
prehability mixtures of the action spacs, A, then form mixed strategios as 
caciston functions maprins 7 into A®, tho set of probebility aixtures of A. 
In either case, it iu camy to choy thet the payoff function can be defined 
for that ‘tri of siruiegy. It can be further shown that the tro cote of 


mixed strategies are rrr epee recy in the semes that Cor any riven atrategy ar 
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of the first kind, there cxtute a mised strategy, ag of the second, such 
thet for all strategies, lv of Koturs, M{ez, ww) (es, U) jp an vies versa. 
leat ug dansia the set of mixed strateziss, whether cf the first or second 
kind, De. 


to the exmmie of making 9 cecisicon about the let of 1000 fuses. A, the set 
ef teeminal evtiomes, sonwist= of tha two sliernatives ‘accept’ and 'reject': 
let thess bo ay and &, respectively. “he set of stntes of Nature ara jest 
the mmber of possible mmbers of defective Sores in 1000: that is. Wis 
the ant. £0,1,2,220,1000+ Tn order ic fernmilate this preoleu, vw naost 
assume that a dofinite payuff H(c, .} carrespends to an action a, and a 


state, P . Suppose that the wiility resulting if the lot in accepted 1s 


proporticnal to the nuaber of uon-defectivs Sases in it, and the expecta 
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where ‘n* in the above equaxiion denctes the stata of Nature in which the 
lot contains n defective fusese 

The sample consisting of sa@lecting 20 fuses at random fres tis 
lot and countécs: the omber of defectives is a ginzie exe riment test, and 
WS procsad te cansixuct the cst of strategies for the tuo players, ant the 
corresponding payoff functicns~. The somple spece for this experiment is 
the net of pessible cutcamen for the experiment, which is just the sot of 
possible mmbers of defective fases in the sample of 20; this is the set 
S deneted 2. 4 pure strate” fer the statintician is 
2 decision functimm which tolls bia for each pessible oatcam of the samile 
whather to acsap: or reject; it is a fumtion, d, defincd on Z and taking 
values in A, such that d(m) is a, oF a, according as this decision Mnetion 
directs him to accept or reject if ne find m defectives in the sample. Ths 
set, DN. of pure strateries for the statistician, is tre ecllection of all 
such decision functions, and it is oagy to show that there are just 2 
guehn stratcgics. Tho strategies fir Ustine ave the probability distribe 
tdons corrmosponding to the states of Heture;, giving tho Ikeiinocd that any 
particalar outeane o: the oxporiment will be cbaerved if Nature is in the 


| 

} 

: 

| given state. Les Uk, bo the distribytion over 2 correcpending ts tue state 
) 

in which the lot of 1000 contains a defective fuss; then tU,(m) is the 

} 


& probability of finding m decectivs fuses in tao sample cf 20: siven that 
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there are n defectives in ths lot ef 1000.2 the eet, ML, consisting af 
all such ci cztribution functions is the spase of strategies far Nature. 
There axe 10M strategies, correspermting te the states nF 051,000,100, 
We oan now use the formule of nace Bh to calculate tha payoff to 
the statisticicn resulting from the choiw ai utrategy d by hin, and Wi, 
by Nature. Sinos A has cnly two members, ay £2x1 Boy this formula reduces to: 


Ma, Ww) af = ate) Man), i? w 26) M(a,, n), 
Lited"*(a, 1 med May )~s 


or, substituting the particular valuss givon for the payoff functien;, w get 


M(d, WJ) = (1000 -n), «=? Walm) + 5000 & Wim) 
ms 
It wii be observed that the two sums SS the sight-hand side of the zbevea 
expressions are just the <capertive mrobebilities lot will Ss accepted 
or rejected, gives the. the statistician acts accemiing tc strategy d and 
Batare according to scratery We 
The mixed atrategles of the firsts kind are just the possibile sreb» 
avility distributions crer the set of yore strategies, P If 6 is sucns 
mixed strategy, then tho statisticlan is to use a random devices in determin 
ing shicsh so? the pure estratecies to uss, such that it gives a probability 


8(d) ef chcosing pure strategy do Under thems circuastances, the payoff 
fumtion for mixsd strategy 5 and strategy li) for Naturs iss 


Nee ee eabmmenmmrantmniemedonmee 


ee =e Oe ame shay of ..-e 
1, It 49 easy to show that for all RE Undy2p000n20y Ly) satisfies 
tha equation 


ae gi ni (2000en)$_— 208 : 
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AB 
~* M(5,W) = £ 5(d) M (dy Ww) 
8 deD 
se fillewn directly fran the emation given in 3.3 defining ti payoff 


function for mizad strategies. 
To define the mixed strategies of ts sccand Kid, we mist Soe 
sider ths prebebility cacbinatione of tiw basic ast of actions, 4: 


A consists af just two actions, acceptame and rejection, the probability 


les, vers “ is the probability «f taking action +, (eccsptanos) and l- « 


te the prahebility of telinz 3, (rejection), ist A* be the sat of ail these 


provability combinations of A. It 1a comveniert for this exaaple te represent 
each member of A* as a sincle mmber ~, were if « represents the compoumi 
action, 2¢ in A*, tien a¥ consists of taking a chancs 4 of performing 455; 
and le ~ of performing &0 A mixed strategy ot the second kind is a cecisica 
rule which picks cut a certain member of A® to bo performed fo each outeone 
of the experiment... If the statistietan fclloun mixed strategy d#, and if 

ths oitoam of the experiment is 2, then bo must take the action corresponding 
to ae{s}ricec, take ection a, with probability d(s) and @) with probability 
ied#is}, If the statistician has determined on a mized strategy d® to follow, 
and Nature follows strategy Why then there is a definite probability that 
actim or will be taken, whieh is in fact ths sum: 


2 Wy(s }a#(z) 
wez 


| ani a corresponding probability that a, will be taken. The payof? to tos 


| statistician corresnomiing to the strategies 4+ and ww satisfies the equatioi; 
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n=l 


The hasie experiments of sequenticd gemes axe like those for 
ths single-experiment gamss previously deseribed; howsver, in the sequential 
geome, the experiment is analyzed ints a scqusnes of sub-experiments, and 
the statistician 43 allowed to terminate experiments at any point in the 
sequence if be ao desiree, leaving the rest of the sub-experimsime unpor= 


rormed.+ Thus, the experiment desoribed in the last section can be analysed 


ne a = 2 — om one aS ath! wre ¥ 
ime & sequence of tuanty aup-ooweriments, cach consisting of sclleeting on 


fuse, testing it, imi noting whether or att 4t is defective. Te transfer 
this « xveximent inte a sequential game, it is only nosvssary to allow the 

statistielan to stop 4b any point in the sequence ari sake his fine’. decis- 
im et that ise. Tire would be no paint in stopping the tests befamy 


=e eer ay 


the and if the test themselves cost nothing, ant therefore sequential experi- 


nmeguidve utility). If, for example, it were necessary to destroy a fuss in 
order to test it, tho statistician would hevse a practical interest in recrse 
ing the mater of tasia as much as possibile. 

Ths possibility that tm statistician may Leiminats ths tosis <b 
axy point i the sequence (or even before the sequence has begun) great 
enlarges the range of stratcgiss available to him. As ve have seen, & 

Reed at sem ee caret: 


stieaiegy in a single experisant yam is a Histon function dimectine wat 


ection should be taken io the event ayy catecne of the experiment t2 obaerved. 


ip 


& In a sequential gexe, a strategy mst includs « vule which tells the statis. 


‘tician vhethe- to comtime exprrinenting oF qiit at scm point in a sequmpce 
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of dbservations, ami it sist ineinde a mile which telis the stat{sticlan 
what action to take for each possible wy tm experiments aay tensimiee 
Let us now try to formilise tle nowicn of a strategy for the 


statistician, As before, Ist & be the set of fincl action. Let 2 be 


into a sequence of sub~experiments or "component" experiments 1,2; 009k 
whose outcomes comp se tie sets Ly 9Z09 coop 0 Bac: cutexmc:, © in Z; of the 
eanpound experiment is a sequence ci cuwwuned, By voces Sys of the ca»onuns 
copewimante. In gereral, w shall wite 

gs // Bj sevest. // 
where 5 is the ocmpound outeme wich corresponds to the ment cubemes 
B,9s0n8 | x5 shat felons it wil] be sarrentent to edopt the following 
vinwoint with respect << the compound expstimente whove sutecanes are So 
Bafore amy of ths sub-expetiments arc begun, 1 42 assumed that ths co- 
pound experiment hee a predetexinsd onteoms, s © ff 2 90000%// Performans: 
‘af the sub-experiments ravesls in order what the eamponents of are. 
Cessation of the mib<emeriments voetore the final one is performed means 


that the remaining cauporents of 2 retrain uswn td statisvician, but 
these cutoazes ara assuaed to cxist, nevertheless, The adoption of this 
convention, althcugn it may be offensive logiceliy, greatly simplifies ths 

tuiemante of tha definition of atratagy for ths statistician, Ths essen 
tial point is that definiticas mast not Gps om unobserved componente of 
the catcowss, 

Fort af is statinticien's strategy ocnsisis of a rule telling 

bim whether ti stop or contimoe at amy point in his experimentation. Such 
&@ ruis is aalicd 2 sompiing pian. Yoarnelly this will ba vopresented by a 


fumstion, go af two variables, such thet if the coteuve of the cama? 
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experinest is s, then the statistician is to caitinue after observing us 
first 1 components if g(4,s) = 0, and stop if g(4,s) = 1. Thus g is a 

fonction which tells ths statistician for each Gaupoum sutiocoms, 5, her 
mae somoments he should observe: namely, he is to eontims observing 

COMPONSMS Bp 259070 udtdil be arrives at saws i for which g{3,2) = 1; be 
ia to cheerve &, and then stcpo We shall plese S71o restrictions on the 
function g- The first is the ctvious om that for fixed 1, z(i,s) mast 


not depend cn the camponeuts oF x aftor «, 2 this for the reeson that 2(i,s) 


ry 
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iz supposed to direst ths statistician shether te stan or anntime, and 


thie camiot ve permitted to dsyend on ccmponante about which the statis- 
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stinclate that for all so g(ies) 
isl, (1.60, directs 2 ster) for oxnctly ons i = O,lys-upke With this 
restriction, ¢fizs) has an interpretation vtich will prove convenient iaters 
namely, g(i,z) is the coxiitionai probability thut, given that the outcome 
ef the compound experiment is s. the mmber of components observed will 

te ip that is, that the statistician ili observe a, ,0009 
Tet tie aot a? saaple pleas bs G 


at then atop. 
The way in which a sampling plan funtion, g, wold be used in 

practice would be te begin the scquemcs of experiments, ami note their cui~ 

8; SysBgece until a petnt was reached for unich the outcomes cheerved 


aere in fest the Meat 1 campcronte of some compound outcome * for ubish 


Let ow: return t< the probiem of ins fuses for a uwcrete exemple. 
A sampling plan is represented by the instructions: “tort fuses on at a 


time 
—SS 


me. netics ther es nonedafasiciva or defective. and stop after either 


® 
es 
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18 
nd 

8 
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eleven defetiives are foun? or teenty funes have been tested." There are 
= tuenty sub-exzperimenta in this cass, each ons of witich has tu posaibis 


cutcomest non-defective or defective, whic we dencte 9 anil respectively. 
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y Hence a compound cutcam: is a matriz of teernty compote, which are O'p 
and 1's. The function g in this case satisfies ibe conditions: 


(1, 1 < 20 and 2) + veo 4 %, * lands, = 1, 
{ » 


x “ 
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© otherwise. 


The reader can easily verify: (1) that the function defined above satisfies 
the two restrictions stated <> pags 16 am! (41) tuat 2t directs eontimation 
oO stopping in cveciiy the sams situction: thet the verhal insteuetion did. 
The second port of the statisticien’s strategy consists of a sulle 
which presaxibss what action he ahall tel for aach of the poesible ws 
the sequence of experiments msy terminate, We shali cail guch = ruis a 
ceciaton rulee ws inmgine that the compound axmerinssl may isvs any cut- 
come, s is 2, and that the smpling plan may deund that tha asquene of 
Gaesivetions mey be terminated at any ccmpommt, Z,,5 3 & Oplyocegkto A 
decisian rule, then, rust tell the etatistivian for any possible s, and any 
pecsthle stopping paint, s,, what action to imi. Formally a decision 
ole is reuresented by a decision function, d, af two variebles, gush that 
for all ws emi for 1 © Ostsoookty A(4y8) 3a the action (iser, d(2p2) is ins} 
which the ehatistietan 13 te take if the a:tcamea of the scmpcand srperimest 


ig gy evel ihe semliag cian requires thet the evkevzneriments stop after 
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the ftvat 2 saxpcmsnts Gave been cbsexved, We must place a resiriciici ch. 
the allowable decision functions analogous to that we pissed = the samling 
a, far 24x 2 Giapsy musi act depend on the 


Ukbswrved Somponests Benqoeroo3ye Les th sot of dseision funeticns be 


yr -- dencted awe 
1, In mest oases. 2 deviation muis of thie type wili prwecribs adtdons for 


seguenses sf abaerrations unich cannot aria, bacimse of the Zact that the 
jiing pian chosen vecnires that either thy obsirvation be stepped before 
that polet fe reaaisd or sontineed pest that nods, 
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A stentegy for thy statistician is o sampling and a decicion rule, 
which ars formally represanted by a neir of function g im GamldinD. If 
the statistician acte accordiznz: to g aml d, smd the outacss of the eemonnd 
experiment is s, then ne is to cbeerve components &) 85-0 UML fais BDH 
experinent a, is reached for which g(i,2} = 2, then to stop and take action 
d(igs). 

In practios, if the statigtician acts according to a strates; 
yepreseated tg — and d, he cheerwan onteomos of the sub~experiments,= 
noting them a8 2 :2,-+0 ete., until. sone sequence By veccaS, has been obecryved 
which contalas ths first i camoncts of a eaapound outeans s for which 
g(ips) @ 2, then exmerixentation ie te stop and the astian to ts taken is 
d(i.8). A strategy is represented by the instructions: "test fuses dram 
ons by’ Gs as random, until either «leven Bfectiives have been found ar 
twenty fuses hove teen tested, then accept the lot if less than eleven 
ésisstive: have been found end reject it ctherzisc." We have already com 
steusicd the function ¢ representing the sespling slen for this exemple. 


The vet cf final actions is just accoptimes end rejection. which we denote 


ae 


mn ames 


a, and &, respectively; then far ali i and a, Gia) mest be either a, or a,e 
The reader may easily verity that the function d, defired 


Ss accmlly the mained decision function. We nviw, t90, that this define 
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tion refera only io the first 1 components of x, aa required. 


res Ee ee 


rj 22a 4s umdemstond that if ¢(0,5) = 1, then bhs sequence is stopped before 
3 44, hes beer bagun. 
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Wo heve ag yet said nethirs shout the space of strategies fur 
Natura, The set af states of Mature is Y . and, ap we showed ip 3olcl, 
tc each P an Y corresponds a probability distribution Up ewer Bp 
wesh thet ure (9) fe the pr ebability that ths oecteame of th: scasmpound 
experansat is &, giten that Nature is in state ‘P. It 1s sonvemant to 
generics this and consider functiais Mine o? tye variables aveh the 
Up (3.8%) is the provebiliity thet the outwonss of the first 1 enb-~experi~ 
MONEE SPO RySnp00 00%, given that Wature is in stats ¢ . If i is held 


i 
timed, thea W yp (255) aviually is a prooability distribution giving ths 


ALD tusat remwmins now is to define the payoff carresponding to a 
strategy represented ty g and d for ths statistician ani a 2e> Netures 
As in the case of th? gingle experiment game, ve assume that there is an 
underlying payoff function HM; such that for each acticn a, and stats ~ 
Mla, ~? ) represents co puyet? in utilities to the statistician. Besidss 
this, hoxaver, thers is a cont, wirich most to suberacted from the firs 
pagzent 2s tha price of experimentation, We esauvs that tho cost is rep= 
resented by some function, o, of two varisblec, suoh that c(i.) represents 
| tis less to the stetistictan in witlitice Lf the artes of the eames 
experiment is & ate. ie performs the first i sub-wxperinsats. As vefare., 
we require that for fired 4, e(4,3) is indepexdent of the components 


By z qresetys We cecume furtharnere that performing each additianal 


subssxperimet adis to the ccsat. ar at Isast dons not dserease if, and 


a that perfarming no experiment cest nothing, Yarmelly, 
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The payoi! is now simply defind. If the rtetisticlan obcusas 
stretegy g» 4) amd Xxture chooses Wy then the prubsdlity that the 


seauesss of sub-expextimmts sctusliy chearred is Sj sBo5ese5%y is 
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avd’ the payoff assceiated with this sequence of observations end fF 


of strategies is 


M(d(4,2), P) = e(4,s) . 


Toe paveff fimetion, p(d,g, Ure 96 ), due to strategies g,d, ami 
ax@ sost fimetion ¢ ty defined by the equation: 


k 
PlEsds Wy 52) - £ E M(d4igs), ¥) = cies (aligz 0» (iy). 
«eZ ind 
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j. Reeall thst o(4,5) can be interpreted as the conditional probability 
that 2, fos over, will be cbservsd given that the actual sequence of out- 


coms is Hy sBqscccsZy and that the Statistician acts according to g- 
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< 305 Decision Prinsipica 
So far we have set ferth ths formelion for representing a ulde 

variety of problews without actusily giving tte sclutions ts suy of Uses 

problesw. A "salution,” in the wense that we are using that term here 
is a ruie which telis piayexs 1, in wiass decision we ars interested, whtah 
atrategy to choces fern snong tem available to him? A mile wich directs 
what dscision to make in a large class of games is called 4 decision prinsi- 
ple, Dsefefon principles must be distingrished fraa decision funstices in 
ataidsiica: games, A dateion fuometion 42 2 ctvetegy in a rurtianls® sta. 
tistical gam, wherees a deciaion ruls is « rile whish picks a stratecy 
in a large class of gmes, In this sretien, we ahall discuss sam of the 
congidarsiican whieh lead to ths selection of saze rational decision nrin«~ 
ples uhich have been spplied to certain classes of problems, and the rationales 
behind them, Our dissursion will be very limited for tum rezsong: first, 
becauae ths gencral, tieory of ascisions, including statistical decisions, 
is very cesplex and uiu.d take nus for from our msin oos2otiwe 22 eecumi, cur 
main objective is to riuuw what ruie alility thscry plays in 
theory of Gécigions, on. iu ase seuss, this hse alresdy bees soouplisihe! 
by showing how the nacoff functions are dafired in teras of the Barnouollian 
utility functions of the players, The caly way that utilities enter into 


the formal dseleton peobles is in their effect on the payoff functions, and 


omas ths payoff funvutions ars defined over the strategy spaces «f the players, 
the decision problem is ¢afinred, However, discussion of the decision prin 
ciples thrae light m utility theory itewlf, since, as we shall. gece, tic 
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A. The daNnition of 'sclutians in von Neumernn’s theory of n-person renes 
oiffers from our ueags here. The voa Newramn saiution of a game cosarihes 
‘ = cere ee wiieh it can be argued tx: gane must have if all. the 
€ ployere pl wey rats OBL 5 but dass not denmamhe what the uctual stvataciaa 
of ‘the Epica WLLL ben and heme $4 cosa not provide a dacision prineipls 


Zo Tha reader te wae again referred to the Theory of Gemss and Statdetiant 


Dest sfone bw Gerahniek and DlacskwdL fur an intros: on ha D this eenrrinsl 
side of taiz abject, 15) 
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ehalos of « decision vule whieh provides She eciciion to « decision prosles 
sboul.d be based on arguwents analogous ‘ho those advanced in justifiestion 
af ths axlose of Bornculldan utility. That this should be the cass is 
eiyeious 2f we recall. ths ermullien utility iteclf 4s a theay of ration 
decisiess, and is scant to provids e decision presedem in gituatione in 
whieh the suteass of the tgeme! depantes andy on the setion taken by the 
porsen making the denigion, and on charre factors of which the probsbilitdes 
are Inem, hes, examination of the axrguwente supporting the choice of a 
decisicn principle will serve to clarify the emmoentual basia of villi 
theory itesif, end will help to expose soae of tha rosiricihions whic must 
be plaged on tie epciications of Dernowllian utilities. 

Utilite theory itesL® prevides us with the first example of s 
decision primtinis, nazly: in choices among alternatives involving only 
ris factors, chocae that acticn with the highest utility. Toe rationale 
for this principle 1s giver in the arguments rihich justify the axioxs for 
Bernoullian utility. Tho 'gamss’ for which Berner lien utility providcsas 
ths adiution are cssentlaliy all tis ‘one-person’ samos (ese pags 72)5 
Ones: past the cce-pexson gemes, wo shall find that. excert for avery mand 
elass of “woeperson pamez, thare ae 40 decisicn principles which provids 
sOinticas 25 gatisfasucry as taose Bernculiiaa uilidty provides fer ar. 
person gamag. Beyond thw one~persm geass, ts ficka of devision matiess 
mer bo conveniently subdivided ae fallexa: (1) tuo-person gazes in ubieh 
beta players are rational (i.0., play for self-interest); (2) »-persen 
pameg in yninh ail the nlaysrs are rationals (3) two-person ceman involyi ne 


cae rational player against. a monevaidonnl apponsit: {Batuse): (h) nepersess 
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sees ieclving both rations] and pancaticasl plesere.!9* It is oniy 


fer a certein sub-class of (1) that there axizts « decision prinsinis 
wilch is generally cccepted as providing satisfactory suluticns. ‘this 
4a the iwo-persai gta celled soro-san in whieh the intezests of the tuo 
Players are dismsteiaslly copesed. we suall s=erire this typs of came 


and the corresponiing decisio principle below, Fer is net-BSrO~cme goed 
ef class (1) there is at present no satiefestory thecry, aithcugh sas starts 
have been cade, It is pousible to define the notian of ‘saro-sim! Jor comes 
cf clesea (2) analogoasly to its definition for the cams of class {1}, sit 
theses is a theory for the sero-sun games of clees (2), Hower. this theary 
seffers fen ten defects: first, it is based on the assumtion tint the 
Players in ips cece will ferme themeslves into two cealitions wich tier 
play as if they woru playing « two-person game; and sacsoni, this theary 
does not “salve” the deciaion mvblos in the scenes thot = ars using that 
term, Glass (3) inclucss these staistical gancs =heee stvatszies wire 
davecibed in 3.k. There is an extensive theory of statistiieal deciaion 
precscers3, bat thare is n> dsaigion nrinsiple ubich is generally recogiised 
as providing s satisfactory solutfon to all problem: of thin cless, Clase 
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i) 4e mentioned onty for the sake of cemmctences3; so var as in inion: te 
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Tem, 


ths anther. there iz at ureseat no theory for games of this clases. 


3-501 TNeorrexrac: Gemsa Batwoor Tee Pstional Plwere: tiw Micimax rrancigis 
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The most, covious gawes of the class ws are considering ars tao- 
person parler zaacs like checkers and chess, and tus=pcrson forme of gases 
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Lo We bave shown previcusly (po. 74) thet if om or more <i the noneratioval 
Dlevexu plays acearding to raniion strategios wroee probability distributious 
ama known to the players, then tie gums can be :afonmlatsd without thus 

Placere. Hence it is sufSicicnt to connider caves in which te nomratio:s? 


STEP Bee 


Disyers renrsseixt vitecrtain factors: 


a 


2. 'Senoveen! gore hess refors to eznag ulti: more then io pleyerse 


I Os ee 
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90 


aks peer and creme, Lees chvious bat stil with snengh gemelske features 
to make a gamev-thooretic approach seex fruitful are certain cthor situtions 
tuvolviug essentially tye cemmetiters, such as duopoly a.4 ducpemy,; ailte 
tary problems, bargaining problems, and sume kinds of dosis. The general. 
escision prutlem is $c find a sce which nreseriber what strategy plaver 1 
(and by ansiogy, player 2) abould use in all gemse of the clase uniter consid- 
eratiqn. Refers stating any apecific pronouals fer decision principles, 

we ghall dincuss sone ponersl eosidersiions involved in the ehaice of ons. 


The mair. featire dietingrishing yaees in which ons or mors of 


i 


sree L%s aoponenta are rational. fron thoes in which none is, is that ths 
rational opponents will. attempt to anticipste player 1's strategy in acer 
te rroMt ty thie anticipation. Playur 1 will, ef course, try to anticipata 
the opponents’ choicss also, ami in doing this ke mist take into accoum 
their estimates of hin. This reagocing may seem to complicate the game betemen 
rational pisyers to the point where the probes becomes wmansgeable: howe 
ever, there is om: sinplifving assumption we can make which <flturus us & 
certain amor of guillanco in seeking a ratimal. deaision principle. We 
“way asuume that if thiré ig a rational way for player 1 to play ins gas, 
4% ia the rational decision pressdure for his opponents as wll, If there 
is only one rational wey to play then, for a given game, each playes will 
imgw what strutegy the opponent will use, ani cheese hie to sakes the most 
of it, Wo my then require that ever. if ployer 1 lmoms that his opronsnte 
wii alsy ancarding to the sans decision ruie that is uses, bs SOU haves | 

no reason to charwe his om strategy. ‘To formaiize thig assumition, Lat 


y and Sp be the wtrateyy apaces fur playirs 1 and 2, asd ict NH, and 4, be 
we . 


thedr reupoctive payall fonctions. Supnean that under a contemilsted decision 
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wala, player 1 shoold chocss 2. as bis strategy and pl«vur 2; uming ths 


L 
ents 2, srovld chicse #50 Tim payot’ to player 1 umler toaee cirec> 
stences t2 M, & 595). We should like te recuire that, owen if player i 


should know {in 24vapss that player 2 wili chooses a5, he will still have no 
reesen net & ahoogss Bo Howaver, if there ts suse strategy, t., for player 
1 wach thet 

Hit 28.) » ¥ (2, 0%) 
than, player 1 shoul? clscrir prefer t, to 2,- 4? he knows player 2 will 
Succes Goo Thersfere, ve gnould expect our decision presedure to be cuth 


that for all strategies, he foe player ae 


ars by amleges reasoning, for all strategies, t, for player 2- 


A pair of stratezios, us and 829 satisfying the two foregoing conditions, 

are called equilibrium strategies. Each of a peir of equilibrium strategies 
has the property that it is the best strategy to use if the epponent chooses 
the other. We should like our desiaion procedure to hare the property tust 


thay will siwers come up wit pairs Go equiliirias 


e ~~ 


4¢ beth plevers fallow if. 


strategies. 

In ganaral, we may say thet the condition that a propowsd decision 
peocedure always give equilibrim: sivciegies in tne class of geres te wien 
44 4¢ applied 4e 2 senssary condition far its adequacy, bet is not suffi 
clant. The class of tuc-person gees hetveen raticsal players may be broxen 


into thre sioclassss as falless: cases in which there ia nn pair of 
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strategies; and gemes in witienh towre are Uae Go mors petite ef equilst rime 
stretegies. For geste of the jirst kind, it seams shere is re rationel 
sdlutdia to the Geucicion problem es 4t has been stated, :ithough we shall 
find that 4f the class of admissible decé<don procedurss is enlarged, 

soue of there games with no aquilibriuon strategies will prove to hava 
solutions. As an czemple of a game with nc equiliiriua strategies, swnsider 
the game in zhich the two players heve tuo strategies eaeh, 9 aud % for 
player 1 and x and y fer pleyer 2, and their payorr Functions are eicas ia 
ths following table: 


Olaver 2's strategies 


z y 
Dlaver 1te s 0/2 sf. | 
& | 1fo | 2/. | 
Tue mmbera 256 given at each piace in this tatic, tha first indicating the 


payoff te plsyer i and te sscond being the payoff to player 2 for tie 
corresponding stratesios by the two players. For exiumple, M, (8.x) © 0 ond 
Mo(s5x) © 2, since 0/2 is the entry in the table for strategy a by playar 
i and = by player 2, 

The rsacer can easiny Gaivines himssil by exonining tha tabla 
that there is no pair of strategies for the players such thet each is tho 
beats to use against the cther strategy of the pais. In this gam it epear: 


that there is no wingis dscisien rule ubich is rational for both pisvers te 


follew. fer iit there were, both players would knoe it and tims be emialed 


te usclecipate the other's strategy in ordsr to choose their oun beet strategy. 
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Za Cate Usexs is guet ome equilibriun oetr in the seit, Wise avd 


the only strategies wich. ave cligthis to be considered 29 rationgi solute 
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to the decision problew. Hovever, even then, the equiiiboyim peir may not, 
bo intuitively acosptable as a sclution. Consider the game in whivh player 
i ts two strategies, ¢ and 4, mdniayer Z has tires strategies: = Ye and Be 


end ine payoffs are repressnicd in the fcllexing table: 


otrutegi« B 
t 
In this gacc the siretegies 3 and x ere the only equilibrim strategies, as 


the reader oi verify by checking each ef six possible pairs in the tabiso 
However, it would seen that far meny reason: the pair t and y would be 
prefareble, sinse beth pleyers actually receive more from these two than 
they do vem tis pair o,x. However, y is not a “safe” strategy fr layer 2, 
sines nlayar 1 would beve an incsntiss nut to enooes t if ha imev player 2 
would cheese 7. The equilibriuz siratezins ere tho aly “safe* st=nhazies, 
wince ths plavers know that the ocpoment, even ir if ke ines what ths firs? 


Player's siastegy <0. be, hae no incentive 60 change. Hower, wether vs 
wieh t accept the eqrilitriun ctretegies a9 aclutias in gums with only 


oim pair of thom is a matier which may te questioned. If we choose tc reject 
the equilibriu= dtrategiss as sclutime, then wa met say, as with the canes 
with no equilibrium strategice, that the decision problesn has ao sdlatios 
Tee tPRBE ZeBS 

Per cameo in vhich there is more than as pair of equilibrius 


Stratics, tit a;cisien problem in «ven more cemftsed. Fer such gaker tho 
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pleyers cannot be sais thet the sivategy they pick is a meniber of tim sam 
equilibrium pair that ths opponent's strategy ise 
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hers the pejzs mx andi t,5 sre bath equilibrium pairs. I% woold seem that 
nlaver 1 should orafer to choose tne pair e,x and plsyer 2 should prefer 


tesy since player i gets more i= the first and player 2 getc more in the 
sesond. Howavur. if nlaver 1 follow: We insiimtion am aiscaes sg, 


and pleyer 2 chocees y, they wili bow eid up with -i0, saich te meh worse 
fer coth than efthes af tha equilitzium pairse 

Tt 48 peasthic ic treet saw caves in which there ja more than om 
equilivrius pair as if they had only one equilibrium pair. These are gimes 
in whieh if &, 5 & and ty» tare equilttritm pairs, taoa 9 v, ena Soo were 
ala> equilibrium pairs. For these games it is easy to show that th: pevoffiz 
fren s12 thy equilibria pairs are the om: 


My (Bo dy) = Mahe ty) — HL Cas my = HC» %), 


(t,2 0) = M(t. t) 
a” 


In this cage, it males no difference 10 the outoais which of the possible 
first menbers of tie squilibriua peirs rlayer 1 chooses, and which of the 
4S ae 
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lao be an equilibrinvm pair. amd the payeffa from this pair are the sans 
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ao ixom any other equilibrium pair. 
We have stated the decisicn problem 2s agicing for a wale shies 

‘Gls plajes: i woich strategy te choose in all th: camea of & corteain clase. 
We have found that for many cf the two-psrsen gavss which we have bewn can 
Sidering than: apnears te bs no rational salutian to the decision problem 
either because thers ie so pair of equilibrim siratesics, or because there 
are teo mary such pairs, It is possible to rephrase the decision problem 
somemeat so ax to eniarge the class of admissitle decision procedures. 
Rat w than asic: vor s decision ruls which tslle player 1 uaeqrivocally 
wide strategy te chousce in any given gem we muy aek instead for a deaiaion 
rule whieh tells player 1 to follow aos preesdurs widen Will in turn tell 
him what strategy tc choose, We sual not cocci cer oll such provedures, 
bat confine our stteruion to a special type called "rendanised™ procedures, 
or mixed strategies, A uimd strategy may te iegurced ag a procedure, 
dyvolring the use co. csandom devices; whores sutcas telis plsyer 1 udler 
maw strategy 10 Ues> Gems, 2 decisien rule cinch directs player 1 to 
fallew a certain mixed strategy ina gas dess uct tell him unequivocally 
whieh: pure stretegy to folliny, but Grocta him to uze & certain random 
procadore, the cultcacs of thich dees tell hin shich pure atratary to use. 


Of course, Cur COMCEntrstion Gi WiansG BiTaiegias is wot accidental, 


F) 


have seen that ths payoff functions nay be oxtendad to incincs nized 
atrategics, hoa that the mixed atrategies may Os regards? in turn es pure 
aizategiee in a zane wee pyyerts ars given oy the oxtende? peyeff tine 
tions. Therefore, all the ccnsidvrations nslating to eiuilibriue: strstegiss 
and rational decision principles epoly dcirectiy te these sxtanded cames. 

The important point ts that sam: games which cave no equilibrium psirs in 


tae spats of pure strategies have such paises in tie exiendsd gaue of mind 
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straiegiss, In these games, the mixed sixutezies scuctituting the eqrili- 


briuy paix in the extendsd come may be considered sc eligible candidates 
for solutions te the decision problem for tne criginal game. 

There is one particularly important clsss of games for uwiioh tin 
mixed Lspiew always contain equilitrium psire, ami ir wey oiilain aiws 
than <=: mich pair, these pairs alway antiafy the condition of equivalences 
stated on pags li. Tusse ara the so-called sero-sum cemes. Zero-mum comes 
ers those in whieh the interests of the playess are ciismetrically oppessda 
in the senee that what bensfite one cost burt the over. This comiticn 
of strivé opposition con be stated as follows: if 5, and t, are tue strate- 


gies for panyes Sy a0 *e ovat = are tas ebheotesies ior pisyer 2, thea 


Myleye PB Wylege 12) A and only, 1 Hye, ty) 5 Hylege tho 
If the above conditins is satisfied where Bye Sys %y0 and to are arbitrary 


tise: strategies fer 1 given cma. then it ig ensy +0 show that 1% is 


presibic to chore «'irthie ntdlity funetions fa: the players and associated 


payoff functions, hy’ aid mM," such that for <i. strategies s for player 1 


and ¢ for payer ¢,. 


nense th» term “sero sam" fer these gaws, TS is wrthehile to note that a 
ge pay mideiy tie wouditten of stetict oppasition for ite pareestenteyy 
spacss, but not far ite mimd-sirategy spaces. Tne commtion of strict 
exposition implies that all padive of equilibri:n strategies ola gains are 

are squivelert in the sense af page 10h, nowsvar, it does no. by itself 
guarantee than an squilibrium petr exists; If tne sizict oppouition cummicts 
aver +o ths missd chvategy sonces of a gam (co well) © in other words, if 
the pass is nere-cun - then there omivwte at Least om paar oi 
wtreategiss in the gpeces of mixed stamtwpise, “Zovuilibrium pairs of mimd- 


strategion in vere-gm gems ere celind ainiurr stratogdes. 
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fhexve is very gocd reseen te arnent: the minimax strategies in 
sercegum gases as rational sdluiiens tc the Gecisica provice for tiaes 
games. As we have noted, a pair of minixax strategies for players 1. and 
® have the property of being equilibrius sivategicss i.¢, euch ia best eo 
use sgainmat the other, 90 that © ploayex with heave nc season to change his 
strategy oven 4f he finds cut wheat strawey tie opponent is using, or the 
opponent Minds cut what stravegy be is using, or both find out whet the 
ether is using, Furthermore, there is nc possibility in the serc-ama game 
that there are other vairs cf strategies wrich givs both players nore, as 
in the oxmmls on pege 9, dince any shift which benefits one playsr mst 
bert the stter. inelly. in certain classes af gas, in wich the rational 
mode cf play seems very clear (such as chackere, chaos, tic-tac=toe), the 
tinimex strategr cnincides prucisaly vith these reticns! medes of play. 
the minimar principle (1.8. the principis chat players should 
Play according to the minimax stravegios) furnisies an intuitively ass 
ble solution to ths cecision problem for sero-cui game. It san be cxbosicd 
to cover the slightly arger cless of games smecn saticty the condition: of 
strict cpposition over the scovwe of puresstretagics, even tharch not over 
ths apace of mixed str:tegies. In this cnes, if the gaws bas an equilipricaa 
Psiry 2t is equivalent to all. cther ejoiliteiwa peirs, and furnishes an. 
intuitively acosptable solution, Exeent far these relatively restricted 
classes off gawes, hosever, there are no jetemrelliy accepted decision prinsi.- 
pLSS- 
We may mantion here two theories which are meant to deal with acu 
of the mm sero-sum gomss. Une ia Rash's theay of bargaining pr olen? 


wach can bs rarvovded a: two-psrsan cemss, and the other is Heiffa's theory 
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S Sitrsetion procedure which can be regarded as procedwras, Like mixed 


strategies, which enable playurs ‘o arrive at a decision 22 to which pure 
etrategics to choose. 

Defars leaving the fro-nerson games between sational players we 
return to 4 voint raised orevieusly (pages 54 and 79) about the impossibil- 
treating the sixategy spaces themse) ves as outcomes over which Hernoullian 
Utilities can be defined. It is clear that Bernoullian Utilities cannot 
reflect rational prefarenees for pure and mixed strategies in sero-sum games, 
for it often happens that it is rational to choose a mixed strategy, but not 
rational to cheose any of ths pure steutegies of which it ts a randomization. 
Thia violates axiow a.l, (page 49), hence indicates that the justification 
given for acicm A.) (see page 50) is not valid 1m tnis cute, Ack viates that 
4° x ard y are two outcomes such that x preferred to v, and <4 x, (1) y> 

42 a randas combination of = end y, then = is preferred te <x x, (1~) y> 

aad <2x,(im) y> is preferred to y. The justification of the first part 
of this is that the fins? outcome of <« x,(1«) y 3s either x ar y; and since 
x is preferred - or ~ ind'<‘feront to x, and is preferred to y, then it shouli 


be preferred to the ranco. combination. Thic justification rests on the still 


more Sindammital assumticn that the actual actoaf randomisation does nct af feet 
the outcom which finally results: 1.e., that it mukes no difference to the par- 


1 


gon whose prefersasss vs ere sensidering whether he simply receives outcome x 
directly, or as a result of taking the risk combination <x“ x,(]-) y2However, it 
doan mika a difference in a gam: whether pliayer 1 ures strategy s cutrignt or as 
& Tesult of followines some nixad strategy, sey <“X 8,(1)t2 One indication of 
this difference lisa in the difference in the concept of equiltbrivum stratery as 
Spplied to pure auc mixed strategies, A pair of strategiss Aa in equilibrium 3 


gither ployer would bhava ary incentive to change if he imew the other's strategy 
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or the other knew hii. If the plsyers sve using mizcd strategies, it is 
impossible for eitaer player to Wnow in advance what hie or his opponent's 
pure strategy till be. Henne the definitian of equilibrium strategies is 
different for mixec streisgics. It wuld bs extewmaiy difficult %o trace 
thrvagh the exact consequences of this change in mosning to show uby there 
are equilibriua mimd strategies in cures in wiieh theory are no equilibrium 
pure strategices, and way a mixed strategy may be preferred to a1] the pure 
strategicas cf wiich it is ccmpounded, and we will not attempt it here. It 
is mffictent to point cut the significance of ramiuzisetion for tia equili- 
beiwa concept, and the consequence that randcorisation of itealf affects the 
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Bod02 Strategios in 2-persen games, all players rational 
The meiion of equilibric: stretegies carries over very naturally 
to the nm-person games strategies By 500008, foe players lyooo2n are oqrlltbr ius 
strategies if each strategy, 835 1° ipgocosn i tle best str.tegy for player i 
to us, givan that ti: semainder of the pleye:s will all choose the other 
stvategins of the set; In thecry, any rational calution to the decision 
probles shold te om mch thet the strategies chosen py the plsyere of any 
particular game conrtitate an equilibrium ost., Actually, fer aint oid 
nsperson game, there are many sets of equiliibrim strategies, aru there 
are it ail equivalent; nence tus theory meets the same diffisuiican ancoune- 
tered in tha fam-pareson game wits equilibrium pairs which ste act equivalert. 
Von Neumann bss devzioped ea theory ci neperruii jie Wich. depois 
on reducing m-percan games to two=persan emers hy saaniicc that ihe players 
form theuselven inte coalitions vhie® then bouous ‘mmare;luyera! tn qa tome 
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paren game, We shall not consider this theary in detaa.,” bit shall, comest 
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Ss mi an assumption made in the theory which has interesting plications t= 
the foundations of utility. The games for which the von Irazenn thesy is 
dasigned ave all assumed to be sexrc--sum in the goncrcl sense, that is, it is 
assomed that it is possible to pick sligibie utility functions for the 
Players, wiih corresponding payoff functiozs, Hi sooostt » such tmat for ain 
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ehoiscs af stretecien, *): B59 00098, 


JE Bg Geye ee eoty) = 0. 
A enacnd assumption on which the theory depeixis is thet in some way it 418 
possihiie for player's within s coalition to make “transters” af utility aamyg 
om mother ao thet tha payoff to the coalition resulting fram a given shots 
of cusliticon strategy may be distributed in an arbitrary way among the mame 
berse The foregoing assuptic: is often Isbeled tho ‘sssumption cf transfers- 
bility! of utility, and is a basis for many attacks on the ampirical applicae 
bility of von Neumam’s n-person gaws weay, Stated as an assumption of 
*transferability', of course, this assumption is false om logical grousisa 
alons, since the wid ‘transfer! applies to physical objects, not to ths 
musbers which ers ths valuer of the utility functiim, Uowover, the aseump- 
tion can is restawd in ospirically meaningful terms in woh a way as to 
meet the requiremants of von Newaani's theary. What is nemessary is that 
there be ests vhish players scan perform which reget in wiility changes to 
the playerg bat for which the mms of their utilities before and after the 
aot ara the sate. To take a sonezete example, the est in quesiic: moy pe 


for the Meret ninvwr to hend the segond 6 ddlivur bili. If, in tne sade of 


ubiiities in which the came‘s payeff2 are being canputed, the changs of 
am utility te the player who receives te doliar is the negative of the change 
ww 

of utility te the olayer who vives the dollar (in cther words, the sums af 
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their utilitiss before and ofter are the saze}, then the act of handing tho 
dollar bZl perfans the type of fiection shich ia required by tha von BHeaam 
theory. 

The von Neuman: theery does sot. throw much lignt on the deciaicn 
problem as we have stated ji. It dess, howevar, imply two principles of 
behavior (either descriptive or rational, dspemting on the basic interprota= 
tion of the theary). They stata wish coalitiois can farm, and how the 
paymente will Mnelly be distributed aneng the members of tne CORL1iiONe 
these, of course, rest on the two assumptions mentioned above, and om the 
assumption that the utility ‘transfers’ demanded by the theory will aatualiy 
be adso Tn & wids concs, 211 theese aamemtionz come under the heading of 
decision thaory, just as all voluntary behavior falls into this categary; 
however, the diseussion of these asm=ptions is too large 2 togde, and wuld 
take ug too far aficld to bs included here. 


30523 Statistioal Csmeo 

We shall net attexpt in this soetion to discucs ml & evena. 
jargs perwsntag: of the various decision principles which have been advsiced 
for atatistical games. in our previous discussions, the chelse of a deriaim 
rule depanded on sous agsummtion about whet strategy the opposing player would 
fcllew, However, in the stati gtical. game; a5 in the ordinary decision under 
anesrteinty, we expressly asmene that the persen making the decisiom has aothing 
to guide him in gasssing what strategy his Gipcnent (nature) will fallow 
The statistician usy choose a finat actica after gathering statisticel infor. 
mation se te the state of nsture. ath einen his strategy is a statistical 
dseision presse re ,* he must chocee thie defore he aver gathere hie informa 


tien, Thercfors th: stetigtical ceeimion problem may he regarded as a meciak 
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ease of the decision proviem under uncertainty, and we shail not expeat that 
eonsidzrations as tc the actual state of nature will play any part in the 
chaiee of a decision procedure for statintioal gamer. 

Many desiution principles are used in practios; thera is, however’, 
orm condition to which 4+ ia natural to require thst al sf them conform. 
This is the condition that they always select admissible strategies in the 
gums to whieh they are applied. An adaissidlie strategy. s, is one meh 
that there is ne cther strategy, say t, which gives player 1 a payoff as 
high a highes no usatter what strategy tte opponent picks. An inadmissible 
strategy then, is 9 gtruisgy for piayer 1 wuch that there is anvihor strategy 
for player i woich give hia a better paveff (or at least as geod a payoff) 
no matter what strategy niz oppusus Gucsscs. It is inti tively clear thet 
player 1 should never play according t: an inadmissible strategy, and hen= 
that he should consider only thos: decision procedures which constitute 
admissible strategies, 

Qme decigior principle that is commonly used is a Bayes Principle. 

Suppose that 5 is the class of decision functions (ice. siratagiss for 
playsr 1} fer 2 givan ctatiatical vame, Z is the sample snace for this zame, 
XL is the wb of probebility dsiribctions over 7 corresponding to the 
pasathle states of Natura (ioe. (Lis the stravegy space for Kature), and 
Mis the payoff function for pisyer i. Flayer 1 may assum that Nature 
picks a strateyy ecording to some randan plan or prevabiliiy distribution, 

5 9 and under thse ciroumstanesa it is pussible to define a utility for 
each of the d:sision functious ii, inc eclive the degision prewiem by choas- 


ing the: function with the highest utciity.? Thea utility of a dowists.. Qume~ 
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famstion, d, if Notwes uses randan strategy S is 
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and it ia oily necessary te chocesa d so that the above expression is 
Baximiced, Such a deeision proesdine 42 celled a Bayes procedure. itv can 
be shom that any strategy onlecied by a Harts principlee is admissible. 

It should be noted that there is no one Ssyes procedure, sinw the 
distribution function, 3 » Will be chosen, presumably, according to oasice 
erations relating to thc particular game in nuestion. Indeed, tha decision 
problem far statistical zames could be reqmrased to agk what ie a rations? 
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samemtion to mek about the cisizibution iumiien <- 
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A dartgion principle which dois"solve” toe cecisive prudse wa tucct 


references to any arbitrary factors wuct as the distribntion function assupad 


by the Bayes, is the Minimax principles Formally statec, the Minimes prine 
ciple says to choose 4d such that 
Main M(d, W) 
Wel. 
2 = Macimmme: d.@, to cloose d so that the worst pcessible cutcae to player 


1 fron any choice, W, by Nature is s maximm, This is actually the same 
prineipis as ths Minina: principle far ths sercesim two-person gama, tie 
difference being that as applied to statistical cames, it does not have the 
sane justificatiai as it dees for the vero-sm gamea. In the sero-ars games 
batween two rational plevers there iz good reason +40 beliews that ths oppon= 
ent. will chovss his strategy so as to Int his opponant ths most, but there 
is no reason 46 belisys the! Nature will act in this way. The Minimax prin 
ciple may be ealled conservitive, sinen it picks a stretegy which miniidises 


the pessibis lese te plave:' 1, At the other end of the scale, 1% would be 
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lo This may be regerced as a Gpocicl cast of th: Miniuer noliwtion defined 


for terc=mmn twoeperzeon rares, 
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posuibie to define e principle which always picked « strategy whieh masi<. 
vieed ths possible gain to oleyer i. ia between the exwemiy optimisiis 
and extremly pessimistic principles ore a variety of others such as the, 
Miniwex Loss principle. ‘This principle directs thet d be eneenn so that 
the maxis: less (difference of actual paycff ami best possible payoff) be 


All the above principles can bs showm to pick admiawible strategisa, 
cus in preferangs to the otherse 
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ALL thess primedsles heve haan annlied in practice and it is probably rar 


WAT Ife semmagee we = pl aes 
tS say thet whieh one ia apolied in e partiovler instence is a matter of 


tha statistisian's taste. 
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& bh. Devorfpt we Applications of of Barnvuiljan Uidliiy theory 


in section 3, we considered eonlications cf utility theory to the 

aeieten problan in general, In cur discussion there, wi axsuand that sill~ 
he various dsciston theeriss based on it, were thsories of 

rationslity — that they providsd principles which were in sone seuse tis 
best to fdilow in gaining the cbjectives whose velues are given by the utll~ 
ity function, That discussion, including the different dGsfiusitions of 
dwcision prinsizles, san ce carried over ani applied to utility decisian 
themy as theories of actual behavior. In fact, the descriptive applica- 


- aH 


téons of Borqullias utilities are to just those arsas which correspund te 
a of vatdcnslity deserived in ssction 33 ise: te dsclsiqiemaming 
behavior, Unfortum tety. tne zanugyuccs Sos plocece, om the dacirtar-iaker, 
knew whet all the vossible strategies are, and what the corresponding payoff 
funetions are, and are sable, in the cans of game toeciy, to cnlevlate the 
minimax solution, is all tut fatal te any descriptive interpretation of 
these dsoision tie eorkos in situations of evan moderate camplexity. Thsere~ 
fore, we shal find thet all the emirical applications of nillity theery 
have been made in oxtramsly simple (sanctimes in avtifically schomatised) 
SLUVALL Ne 

Se far, the main empirical appiicztiay have been made to siture 
‘tions in whien the actual payments et tie auiccie were in mony, end here, 
as a congoqusncs, the only utilities involved are for amowtts of monsye In 
ths next two subeections we discass two aucs ajpiications., 

We shall sco that the attempt io ~oly Hernoullian utiliiges oradict= 
ively brings up proosees fu. sulch thors is no comntarnart in the interpretae 


tion of uialityy as a tieary of rationality. To mention om of these problems, 
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it 1s nmeosssexy t6¢ assume, 12 whDlity theory is to be used predictively, 
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that uliiities remain constant aver time, or that Af they de not ramain con- 


stant, then it ia newessery to imow ive lam governing th: way they change. 
In cur diseussion of the basic interprnteticon of utilities (See, 202), no 

neh asmumption wes made, and io fact, we have noted some vaasona uhy util- 
amt V3 se = att] 


itdes should sot be applied to sequences of decisiens, We suail dism 


sous of these probleas in sections 4.3. 


inn. Hypothooey Explaining Gambling, and Ingurance-Buying.” 
In recent papers, Frisdman and Savage” have advanced a hypothesis, 

mw of ths ability fonction of nomy, attemoting to 
explain why people may gamble, or buy insurance, or do bota. Subsequemiiy 
Morcouits? advanosd = medifeation of this tiscry, mestine cartain difficeul- 
ties inherent in the cviginal theory. We shail discass thase theories ia 
this section. 

Ths centeul fact of s. somewhat pnradoxical nature in both gambling 
(at least in csees aticrs thers i¢ 2 house ‘out!)., and buying insurance is 
that the oxpected valu; of the monsy retwn in both these insteneses ts 
negative. This appoars paradexical fran thw point of view of classical 
theories at gambling, wiieh assumes thet parsons should take thet action 
for which the expected value of the monsy return is the greatest, Ciearly, 
the individual who geiides or buys insurannw coul.d choose a cours: which has 
um, by cimmivy not eembling, or nov gamiiing 


a higher expectatiscn of ncsey sSoturn 


arene me 


do It will become apparent in what follows thet this theary anplises only to 
insuvenca in uifeh the buyer and the benaficlary ere the ex rerson, not, 
fey exmamnis, to life insurance. 
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the ineuvarce, In modern theories of desigion under risk, the person is 
sunpered ty choose that aliarnative whieh has the highest expected utility 
cateams, hence there is no contradiction with mmrent utility tisary in 

the fact that a person msy not act to maximise exeuted momy, cai ors uy 
attempt, as Friedman and Savage and Markouits do, to explain gambling snd 
insarance buving by ascuming that the utility funciion far momy has a certain 
fom. 

Befere proceeding to their theories, ist us mois iat tho fact 
thet people do not play to maximise money. and that in sane instances it 
sees utterly irratiuael te play this wy, was ncted in the 18th century 
in connsstion with the St. Petersburg paradox, which led Danial Bernoulli 
to propose the first ‘Bernoullian’ utilitv scale, The St. Petersburg 
Paradox sanserss 2 game which is played in the following way. the ‘houses! 
siiowe the pleyer to toss 6 feir oui as many tines a= miasssarp wertt 
falls heads, then the house pays the player 2° dollars. The question: is, 
hew meh should the house charge the player to psy for tie right to play 
this ganny If the house is interested in making cura that its own expected 
monay return is poditive, then it should charge an amount slightly in excess 

cf the expested value of the monsy to the player fran pinying the gamso 
Conversety, if the player is interested in mxinising thes expected value af 
nonsy return, he should be willing to pay any amount less than ths expected 
valne of thy monmsy return fran the game for tis privilege of playing it. 
However, it is sasy to shox that the expected vaius of monay fram this case 
is infinite; hemes the player cheuld be willing to pay any amount of money 
for tha privijege of piwying it. But to nest people, evan one thousand 
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the smount ts% would be just ons in twe theusand, Several ingemiaws salve 


tions wer, itiven &. Las varadox, most of them suvying the prinwpie that the 
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Cy player shou).d ect 2 maxivine hia money axpsctationj hovever, Dental 
Bernoulli's solution took the revolutionsry tack of repudisting that 
principle, and proposed inateaad that players do indsed aitemt to 
Maxiniss a yalue, but that valun is not propertionszi to monay. BernotLlt. 
edlvs2 ths paradox by assuming that the valus is proepartional to ite 
logaritim, from which it follows that that value of the game is exactly 
four ddllerse 

Even with Bernoulli's assumption, it is possible to modify the 
rams in such a way that its expected value (or utility, in xedern terme) 


in indimite: dese if the house paye nat 2" but 22° dollars to the player 


if he tosscs the soin n times bexora it falls heads, the valus is then 
pronartional to 2°, and ths expected vahus ig infinite. In ceneral. if 
the utility of simey can be arbitrarily lerge; then it is poscinis to 
Gefims a varient of the St. Petersburg game for which ths expected vali 
is infirdte, and for ubich, therefore, the pisxyer should te willing to 
pay any anccnt te plav. Siince it seems unreascenable to tbe willing to pay 
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an avbitrarily large amount to play any game, it con be argued that if 
ths utility of monsy can be dafined congzisiently at all, then it murt be 
bounded above: i.e, if u ie the utility function, and u(x) is the utdlity 


of = adllare, there mst be sass oumber, say k, such that for all x, u(x) < k. 

if the function u is ploiited 

sraphicaily, with x (ths 

amount cf money) on the 

horisontal axts, and u(x) 

on the vertical axis, the 
« abovs arcuisnt imolies 

tuat there ia a Lins above 


whieh the curves does not 
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The thecries af Friedman ait Savage ai! Harkeuits can be interpreted as 


eiving cthur atgumnts like the above as te uhy the utility vs. mousy 
carve ahold hewe certain ;coperties.. 

The first phenomenon which Fricdman and Savage atteupt +o explain 
4s gambling. They tai as a typical case gexblivs in which there is 2 fhirly 
saall probability of winning a large snout, ani a lerze nrobability of low 


aid aocomt. Sicrt machines. roulette, end lotterics are among this 
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wpe of omble. All thave ganes have the feature that the mathematical 
sxpectation of moasy uinnings in playing thas ig negative, and is in fast 


Measure: by the tnouse perocntage.’ ieveriicisss, it ic the case that 


people play them, and, even lsaving agide the factor of exnitenent of parm 
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tisination (which we ruled out of considsration in our discussicn of 


ee ood 


axioms of utility), we may scex an explanation in terms of unit. 
A typical gamble at tis type retsrzed to aborm may be represented 
in cur formalias as follows. Let b be the azount the maz beta, let wv be 


ths ssount tie men wine if ha wins, ist I bs the amount of morsy be hes «% 


present, and let p be the probability of wiring. ThenI + wis t= total 
amount the man will. heve after playing if he wins, aui I~ b in the wial 
anount if he loseso He has vrotability p af sting up with 1 + w ani 
provability 1 ~ p of ending up with 1 = bs this is a risk outecas, and san 
be represented in our notatim as: << plitw), (Ies)°(I-b)> The utility 
of this prosrest ie fast pu(I+w) + (G-¢} 2 {I-u),. If the man prefers to 


gable, rather than not gamble anc accept the osrtainty of nmaining with 


ths aicom ts las now, 1, then it met bs that 


{Ich} + ufZ) 
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eg On the other hand, we have rostulated that the wap7sted money gain fre. 
the gamble is nazetive, The expected money iran gevbling is just 


ofI“) + (lep}(Ieb} which we assume is lees than i: 
o(T+w) + (lep) (Ted) < I 


This situatica is represented grephically in Figure 2. In this figure a 
straight line has toen dram bet=se% the points marking u(I~b) and u(Ity), 
and ithe expected wtility point, pu(Iew) + (igo) u (1-4) is lsested on the 
lins directly shove the roint on the x-axis marking the expected money value 
of the bests p{Ivus > (1l<p)(I—b). The reader can easily convince himself 
that in general the s»mected utility of any probability sombination of we 
oxtremes, Ttetjiand I-b. must iis on the straight line between the correspaiie 


ing unility noints, directly above the point on the x-axis indicating the 


expected money valuy of tha probability canbinstion. 
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= ‘In Figure 2, the expected utility of the bet is shown to be greater tiwn 
the utility of not betting, and tis expected money value of the but is 
Bucw, to be Jesse than the eaymcted monsay value of not battines, A neraay 
who hag a utility curve for which the three utilities ui(Ieb), v({I}, and 
u(Ieu) have vaiuss as shown, could be «xpectad to gamble in the situation 
deecribed, and a utiiity curve of tais type could be said to “explain® thy 
plhenamsnes in question, If we iscc again at Migure 2, we note that s 
reouasary GoudLeion that u(I) bs less thes 

gemblw is that ths point marked u(I) in the figure lies below the lines 

connecting the two ncints merked u(I-b) and a(T+t) This condition is met 


by a utility curve woich ie concave downward in the region waiur cudsidsre~ 


postulate a surve shaped as 


t 
F I 
| | 
| shown in Mgure 3 ag co. exe | 
{ t i 
| planation «f gamblinc, In | | | 
f 
i H | - 

| this figure I represents | 
i : 
i te } 

either current ineaua, or | 4 j 
et | ae oa | 
f customary inmees, The curve ral | [ i ! 

Pe) 
Bl | | 
H 43 shom copzave downrrid above le = 
: eth, tt ange earn < aaa fi 5 ae w® 
| ie 250 tls accor. Fi oeLs ! i { i 
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of ths type considered, in | | Dollars 
i 

whieh the possible gain ia 
k 
layge, and the possible lezs Figure 3. 
5 4s email fnste thab in Figure 2, only thrso points on the utility curve a= 
& 2 - : 
— inmdieated, and tie lows ons is only a short distarce below 1, whereas the 
5 & 
& highest om (itw), ia# much higher than {). 
¢ 
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The tgrpothssis that thu wtility curve is convex domed iA says 
jntervii. chore I expicins gambling, b<% deas not prescribe iat shape tis 
curve ie to have citoics this region, Fractunn ond Saves 
5 curse ig convex upward in ths interval below I (current income) 4s 
ordax to explain the buying of insurance. Insurance Innying is typitied ty 
paying a certain amall amount, say ry fox the security of having amount Txp 
(which 4s the amount left frou the orssem. income efter the io:mranne bes 
haan naid for), The insurance insures the man against & risk of lesing = 
large amount, if an event with a small probability tekes place, or else rot 
losing arything in onse the event doesn't, take plecs. Let ur suppose thet 
tha man loses d dollars if he is uninavred, ai thea cvant in quest’.on cocurs, 
and thet tra ewet has prebability ¢ af cccurrinz. Then ths alternative of 
not taking ths insurances has the risk ovieam of eotting Ied dallars with 
probabiléey p, and getting I dollars with probabliity l-p, anc the alternative 
of buying the iuzsrance has the certain outcoms of geting I<p dollars, Ths 
utility ef the risk sl.termtive is just pu(Iead) = (<p) u (I), and the uttie 
Aity of the second alternative is just u(i-r). Since buying insurance is 

preferre:] to taking the chance, we mst havi 


pu(Ied) + (i=p) u (2) < aller) 


Furthermare, wa have assumed that the smpocicd valus of tho momsy to be 


gained from buylig insurance is negative (at icast, this seeme to ba the 


asovmption thet insurance companies operate umisr), henes: 


piIe=d) + (iep) I > Ter 
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It can be easily show: that in order for the two inscquclities abors to te 


satisfied, it is necessary that the point marked u(ler) Lie above the line 
joining ths pointe marked a(I-d) and u(I), and it is simplest t: «raw the 
UbLiiiy curva ag consave upwerd in the region in question. 


Pienres 3 and li. we hava show that utility omrves which are 


In Pignre 


BORREGO EE DLs as Beene 2a eee oo we = 


concave dowmard to the right of I expisifi peeping, and curvee which are 


concave upward to the jeri of I explain insurance buying: we can combim 


these into 4 aincie curve which explains bei, iis 
a the (Mngl curve, it is wall to recain Ue Giscusgicon 


parades, in whish it was argued that the utility curve mist be Goursied fron 
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below, Tha curve redulting frua sll these arguments is ahowr: in Figure 5. 


This curve geems to be tie 


simplest type which 4s con- atx} 
H : jee 


sistent with all of the 
facts discussed so far, 
It. 4s worthwhile 


to pause here and sce if the 


tl 


™* 


enrve thee drawn explains 


$ 
f 
any other yall.iknow facts ed 
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other than ths ones wiic 

4¢ wes originally conctrusted 
tic explains Figure 5. 

Frie@van and Savage sonsider this factors infirencing the distriimtien of 
prises offered in lotiaries. Thay note that alacst all lotteries offer a 
graded series of prizes, starting wath one ov tvo very largs prisss at the 
top. and working do:: 49 quite a few rather amall prises. They assume that 
the lottery operaiars atienpt to construct the schedrle of prizes in such a 
way tiat their profit from ths lottery is a marimim subject te the restruction 
thet the custemsrs sogerd the tickets ag worth the purchase price. This 
whole prohlem can ha tranelated inte utiucy terms in vhieh lottery tickats 
rep sant risk cotcomes with risk utilitiss which cspend on ths prises o 


c:fered end the orebal iiities of wiming thea, and the lottery aperetox 


4 
‘ 


seeks to adjust the prigss and pr@abiii vies in cuch a way thet the utility = ~ 
of a tickst 42 greate> than the utility of the curchsass price, and at the 
aeme tim the gem or the emeint of the prises is a minimum: (and henes his 


proMit isa a maximm). wWitheut gciag through the ansiysia here, wo state 
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hat ths asmumtion that the utility curwe 4s everywhere to ths right of T 
convex dowrasrds, insisad of dust in an initial interval, as sham in Figure 
5, then the lottery ticks! userator could mals ihe most money by offeriag 
jost a single vers lecge praze, rather than by chteciae a@ imaber of prizcs 
of varying amounte and varying uicuahilitier. Therefore; ths fact that 
lottertes do in fact offer a veriaty of pxisea argues for the fact that the 


utility curve does nct soiiinue to bam! usverde indefinitely to the right 


of I, ait ost isctead start hending tha other way again as it moves farthsr 
wate 


Another fect cited oy Harirewits ia that pecpis in general rejest 
‘symmetrical! bete, that ic; bets in whieh the amounts tint, can be lost = 
won are absut the same (this is not supposed to axtend to very amall bets, 
in which it can be assumed that the amount of morey involved is not impose 
tant to the bettors). The fact that tne curve as dvewn in Figure 5 is 
symtetrical sbout the origin progidss aa explanation of this phenomenon. 
The rezaar can sonvines hinsgelyY of this by repressixting the anounts to ns 
won and lost at equal distances on either side of I, ami connecting th 
corresponiing utility points by a straight lime. ai wee dona in Migures 2 


ad on 


aod 4. Bets which have a preater tian 50% charss of loping will have utili 
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tie8 lying on this Line to tim Jett of its aidpeint, hense belcw the xeaxzis, 

which represents the utility of I. Henee theses bers will te rejected. 
Prisdmaan md Savege suggest that the utility curve may in fact be 

mess complex than the one drawn in Figurs 5: that :it may icstead have several 


‘hugps', as showm in Figera 6 The curve of Figura § still explains 221 
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o far, and there seems °* ceea0n to prefer ons to the 


the facts monticm 


obimic, However, Ssiadman and Savage sugzes.. that these ‘stens! may in fact 
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Zi 
= represem discrete levis af ats j 
aspiration far the individual; j | 
corresponding to definite, | | Va 
} y, 
social cihaswes Sicas weoltn | if 
corresporas to the differsat . a 
levels, At ths top of cach Sree rn memmemmmarnmaaneae z SE acer x 
i 
huap, there is a certsin in- yY \2 
terval in which a large change yaa | | 
nh wealth carries littia - | 
corresponding change of utility. | 
Fetedman end Savage exy that % 
this may be dus to the fect 
hat all the incanes ii this ‘ame &- 
interval ars aseoctete? with ons esconamic class, and thai a chance in wealth, 
as long ag ope rwirlis in the some class. may net be importimt, uhereas a 
| change in wealth wii. carrics = pearson from ome ss to anotner (correspond 
| ing to going from o> ctep to ancther, ever sm: of th® steep intervals) nay 
| be regarded as much more imporiant., 
| Betors passing on to tiw next tepic tet us briefly note some vossi- 
i vie cbjections to ih: theery just presented, First, as an explanation of 
' 
gambling, it leaves out ihe very iuportant factor ef the emsitement of par~ 
ticipation. In the absence of any exact experimental data, it would scom 
i that much of the type of gambling considered in this iimuy is of the kind 
, in which the amount of monay risked is quite stall (at least for any one bat!y 
j that the actual value of the money may bo oF comparabis magnitude to the 
: a value of the exciiemeny of tms gable, One in hamised te surmise that the 
tb % purchasers of Lottery tickets do nut do so efter gobey sonsideratian of the 
E 
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rolative valuse of the money bet and the prizes to be won, but act Ws 
Largs extent on im- ee, To argue thet tha smount of nonmsy spent on gexb- 
ling may in total aocunt to a siueble portion of the gombler‘s incuss and 
henge thet its vaiue is largs in comerison to the excitement of gambling is 
net to the point, aince tke stipulated interpretation of uidlity theory re- 
quires that it be applied to deolsions made at = particular tims. If >t is 


Pm Cline a 


cesumed that utilities refer to ayerage bohavior, then the aseumptions by 

whieh axion Ay (sea pags 9) was justified are Viclated, and it oo lower 

follows tat a Bernoullian util:.ty function exists. Then, even if tie total 

mount bet cover a pericd of tdz@ in large, the sicunt bet ai any civen time q 
hy moat pecole ig small, and i. sooms Likely that at the time the bet ves 


Macs, me of the chief motivating factors was the tariii of bettings and our 


arguenta for axies 4.7 immy that this mst be a negligibis rector if éof 
ne 


In eny event, the princips). tast whish any theory must face is 
whether or not it x iscseds in predicting a Large varie off phenomena, and 
especially prenaens shich it was not originsiy introduced to explaino 
Whatner the alove thocry wilimee? this test ve canrot say, birt: th criticienus 
suggest that if it is co be used sith any precision, the basic interpmtation 
will have to be morvw clearly defined. In the next section ws discuss an 
ex ,diinest deaigned to test the theory, in discussing it we shell see one 


pessible way or givin: the basie concepts precise is:anings. 


he2 Tne Mosteller-Noges Experiment 
7 Se " 
In a recent paver, Mosteller and Novee* have puoliehsa the 
mesiuits of an oxperlmect on gambling behavior which wag intended as an 


empirical tast of tis Priedwm-Savage theory dlceusied in Seetion holo 


ere one 
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1, Mosteller, Fraderick, ana Negae, Philip [20] 
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= This eserimest consisted in weuning subjects through a cetacs of gemblas 


in whieh thsy ware pennitted either to bet S¢, or nos vet sgainst various 
enounts of ncusy e’fered at various odde by the eaperimenter, Ths game 
Played was & variety of poker dies in which the cxperimenter rulled a *nacd* 
of 5S dice and bet a certain sm, after which the subjects (each plaving in 
‘yarn) had the option sf betting 54 and rolling the dics to try to boat che 
experinenter's hand. or not betting and nsasing the dics te the next subjevie 
According to tim theary of Priescdaun and Savages; each subject 
ahold possess = Matilite of mensy" curve, and saouid bet or not according 
as the expetisd utility of chs bet offersd by thy oxverimenter ic greater 
than or less than the utility of no chamm (ioe. not beti¢ng}*. Fos the 
purpesus of this experiment. the sero points of each pergon's uiisiiy 
soclss wim fied at sero cents (i.e. at their state at, the tim: of the bet), 
and the wit was chogen a5 that a sae of Sé¢ had a utility of =i, with 
these two stiipuleticis, sach perron's utélity scale is fixad uninsly, ami 
the vtilities of every other gein or lose can be measured in tammc of the 
utility of losing 5¢. according to the Friedman-Savage theory, ones ths 
sere point and unit of measim=ement have been chosen to determine the uwie 
ituy of any amount of monsy, say n Geiits, 1% is only nenessary to CLM some 
prooability p, susa tnat the subject is inmtifferent between a bet whieh offers 
&@ provabiiity p of winning n canis and l+p of Loring 5¢, and the alternative 
ef net betting. If u(m) is the utility cf n cents, then the utility of a bet 
which offers a probability > of winrine « conte, and lep of losing S¥ is 
ga(n) + (lep) u (5) 
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4, it appeara that whore ie re operational meaning fer hoe rotion af Windif- 
ferences" in thin i:tverpretaticn cf utility theory. Aa we shall wes, ite ex- 
periments] meanings at bein "prefarence™ and “inditference" as tiie sxrerinent 
is actually carried orb ara sonaidershiy Giffersat Crom the interprets’jong 
given for thoze terms in Secto 2.2; 
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ang if thiui is held as indiffersnt, to not catidag, then 


guin) + (ep) a {=5) = uf). 
We bave arbiléserily fixed the utility of O¢ at o ani utility af losing 5¢ 
arm -) go the shove equation recmees to 


gia(n) ~ (leg) = 0, 
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Mostelier and Noges's procedure wag to assiya: oefisdite cpsrational 
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Bwanings to the concepts of “prafsrancs” and “indiff'arence® (which will be 
cascribsd oeicw), then t1 detormsine same prints on the currs of utility va 
morsy, velng the formile given shove, then to dras in a rough curve fitt 
ths points pletted, Ones 2 curva ws dram ii. cay possible to test the 

Pa, -man—Savage thscty, oF ercssemting the avbiascts with »rious betes, same 


whet more cemplieated then those which furnished ths data irom which tis 


original curve vas custrucisd, and noting whether their behsvior in tas aiw 


sitnztione eonformad to that predicte? from the criginal curve. Thus, for 
a certaiz subject, they might plot several points on his wiility va; mony 
curve vsing the ebeve squation, Then draw in « rough curve of ctility aa 
shoo in Mgure 1, Once this is done, iisca 
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© if the Frieden: Sevage hypothesis is casrect, it snould bs ponsible to 
predic? whet the subject should de in <1) ganbling aitvations in which the 
smounte oi money involved fs2i within the range plotted in the figzre. 
% should be noted, of couraa, that the imore fact that s curve 


can be plotted using the fiemia:z 


u(n) ° rs 
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Vich tie eubteot 1s indifferent between. 
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betting with a prebcbility o of winning - cents ond lep of losing 5} and 
net betting) is not evidance winding to confirm the theory, Ctovicuely 
there wilk it: sass probability far which the eubgect is indiftarans in 
thig situation. and putting that into tho above foriuia, it is possible to 
ecalculat: u(n) du 1 mechanical wav. [ho test o. the theory is whether oF 
not ths subject chocses aiirnuiAves uhich maximise the ezpaccad valve of 


the utilities tims calculated. Mosteller and Nogee trind two suca tests; 


applying the inform2c.cu plotted in the originel utlidey curve to iy to 
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predict behavior in acw situations, Ths Sirst test wes to try te predict 
the behavior of subiccts faced with "doublet" bets; that is, opporburdtiss 
to make :. sing2e bet cgairst two ands at the sama tine, where it is posste 


ble to win eithes one of tuo amounts of moneys, or both, or lese G4, This 


z is a different type cf situation from that which provided the data on tiJ.eh 
! the cuxvvs was based. but if the theory is correct. thon the data contained 
F in the plotted eur should precast +h dubject's tahetlor ip the asw oitaua~ 
a Vis asc Situation Purmichos o tsst for tas theday, Tha doublet 
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citustion is repressnted formally as follows, Ls? 
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art py < Fy) ard that a ani n, are 1o> gaanttia to be won by oeate 
dng haoxie 2. and 2 respectively. The probebillty of ceating both the uighar 
and lewer hazig and wining n, + By cents is Pys ths peohabiiity of beating 
the second nand Sub not ths first band sid vimning inly Dp mantis is pe ” Puy 
and the orcbability of not beating of.ther an! losing 5¢ is 1-9, >» Hence, the 


utility of the doublet bet is 

pyu(a,* ny) + (py= p,Ju(n,) + (L-p,)ul-5). 
u(n,+ a)» u(n,) and ul~5) ere wll sictted on chs utility curve, hems ths 
utility of this bet wan be calculated, end if the theory is correct. ths 


subject showld take the bet if thie utdlity is greater than O, be indifferent 


if the ubility eqaneis 6, and regect if the ubility te hess thon G, 
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batwoen one of two houwrio ond uoney bats to bat against. Uning the utdiity 
curve, the utility of eash of the tuo bets offarad by the a:marimsatac 

Gan bs calovlated, sn if the theory ia cocrect.. the subject should choose 
that cet with thse higuost utility. io desaribe this citustion formally. 
suppose that the first bet offered by che experimenter is an amount a, un « 


hand wich has probsutiity 9) 9 To heirg hiaten, and the sscomi bei is ny on 


a@ hand which has proos bility Py ot boing beaten. if the subject bets agains’ 


either hand, ho munt neger S¢, neace the wihiiivy of tha first bet is 
pya(a.) + Gepy) a (5), 
and ths utility of the secenl is 


ala) + Geps) a (+5). 
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ALL these wiliitdes ar 
posaitls to ealeulate the utilities ci these bets, and see vhether tu3 


subject dos in tact choose that with the highest utility. 


Reaigiral® utility curwe (Figure 1) was as follows. A long series of trials 
was rul during the course of whieh each subsect had many cpportunitiss of 


betiing, or not witing against sach of the porsivle hands, and sach of a 


@ plotted on the curve alraudy constructed 40 it te 


The actasl operational procadure for determining wae pointe on the 
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reebe;s of offers on these hands mace by the experimenter. Tew, ons of the 


handg on wiieh the oipceinenter made bete wes foo 4's and one 1, amd smeng 
tna mamr bete offered by the oxperimenter on that hand wae 25¢, and during 
the coures of the sexies this purtieular “hand”, and the 25¢ bet by the 
exporinenter were offersd many times. At the end of the series, the propor= 
tion of times that 2 saubieot accepted a particilar offar oi a partiouler 
hend was calovleted Sor ea bh of the differen: coffers cu the hand, and was 
plotted as sham iu Figure 2. Figure 2 shows ihe amounts offered on tha 


hand on the hoiizers=’ axis, and tha percentage of times that offer was 


accepted on the vertuns] axic. Tt vee oxrected thet for a iimed han’ and 


subject. the higher the cffer made, tie greetor the likelihood of acceptance, 
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“arcentaver of tince bets of various amounts were 
ascepted by subject X on hand A. 
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and that a carve dessa ay in Pig. 2 would have approximately th "5" 

shapa shou, Thies aspestation ves proved correct. in all comes (except fue 
one subdeet who lefi the oxpaxient before its cagsletion), although there 
WAS Gonsidemible vasiation in the steepness of the slopes of tne steps af 
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theses surves, These curves warns plotted for cach subjeot amd each havi, and 
the point at which they crossad tim 50% level wis taker. to be the money offer 
on ths hand fer which the subject we indi ftorent,» Ror azevmla. in the 
hypethetical surve dvawn in Fig, 2, the indifference offer is appreximataiy 
37¢. if the probability of beating the howl ia p, ond the indi flerame 

offex 46 tm than our formila allows us te calomiate the utility at = is@es 
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Thus, each granh lik; that of Fig. 2 for = given subject determines ons 
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point on his utility curve, and by at tnes® voints it is presathie 


enstrust: a curve Like thet of Fig. ae : 
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Ones the “hasie" utility of money surves wore plotted 
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possicle ts test tho FriedmerSavage theary by applying the utiiitise of 
the basic curves to new situations, Ii de cbvioug that the tasecy camot 
be expected to be campletely successful in predicting tie subjuct's chcolLess 
because ox tho fact that the speraticnal meaning given ic “sriferesuce® is 
that Us given alternative is chosen more than 50% of Love time. But as long 
as it is possiole fer a mibjoct to shoose an alternative mora than SOZ of 


the tine, but not ali the tima, then there uast be instaness i: which he 
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Reo Note that 4x4 fferonc: te refined here as neaning that each of *he eltex: 
natives ar ehosen 50% of the time: similar S172 "oreferance” meaps that, ike 
seme Bee rn - q ammeter 
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7 2, ‘the possibility that the suvjeces 1ight new know the trues propsviLitice 
; of beating the various renjis was ruled cut by previding the suoajects with 
i liste civing the objective probabilities, 
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choosss au altermtare which he ¢ess fot prefer, antihbenc: these are 
instances wast tis theory predicta he will, choo ume alternatives (the 
preferred altvarnative), while te actually piuks a difiarent cne. The 
fact that the subteat's "S*® curves, as illustrated in Fig. ¢, hive 4 note 
vertisal slope shise iast courhared netanser eviai, in whieh the svwoiset 
either choosen to bat. although the exmerinenta's offer is lass taan 
the indifferems offer, or chocsss not to bet, even though thse experi: 
menter's offer is greater Usin tim indiffersnss offer, Hosteliar and 
Mages mas a compsrative test of th= Friedman-Savage itwory by camaring 
the oornentaze of succesyful predictions from it vith the persentage of 
mececsf rrefiationa fran a thacry ubieh agsuaes that the subjects sat 


So as to maximize the expected value of meney incom). Tasre they find 
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thet th: Friccman-Savagy theory i8 Samewet Dut met spocts 
successful than tse axpecte! mossy Innothesiso Unforivastely, Mosteiler 
and Noges did net attumot to coupe the Firdeduan-Savage thesry witb any 
ether theories, em. 1s we shall see, there are rececas why the signifi-e 
cance of tieir reevl!s is doubtt{y.. 

The fact that ins Feisdman=Saveg? weer turned oul to be mare 


successful than the emected momy hycuunesiv: should not seem surprising 


if iv is recalled that beth theories are rary mech slike in thet they cen 
both be interpreted as Bernowllian utility theories, and om (the Friedman» 


Savage) dstermimas the utility of money eupirically, whereas the other 
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Liegt the utility of money curve ig c straight lire, It is mtral 


that predictions based on a curve which fg ompirically determined sho-id 


be more suenmasial than pradictions base! on the 4 priori assumption that. 
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*": ths utiléty cmeve ie a straioht line. 
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at the oro point of why utility seaie ss always being et the subject's 
present: atete, and of tir: josy of S¢ ae alweys ceing = dia: of om 
ut of utilsty 4s a correct iuoterpretation. This umoints vw aseuming 
tmit stat romaine constant vr time ara the changes in ntiliiaes due to 
given chavgesef issane. I+ would seaa that i+ could b= eally weil 
argued thet the utdiinies of varicus total omounts of moray, a ct isanst 
of total mmounte of money on hami are wat vramein consteust, and thet the 
change én utility dus tc 2 given change in insax: (loss or gain of monsy) 
dapends on whet, the total amunts are before and aftor the change> 

A secorsd ‘daiem, which Mestaller and Noges sausent on, is that it is 
poveible that the subjects did not play euch cimbis separately, ovt migh 
tar: pleased am sver~all atrategy with @ view, not to maximising thsir 


payoffs far sacs single gambiae, out corer an locg ssriss of gambiss, It 


can be shown that tie ushavier which usrimises tue capscted payoff of a y 
particular gathis is not mscessarily the same as the behavior best cnicue : 
leted to maxinise dv total neyoff due to a cories of gusbies of whieh : 
the ome in qestion is a part. Mostelisr anc Noges note that, though vis : 
Savjedta seemed to be exae of long term strategic consi derations™, they 
Aid mot fallow their own convistions in thess matters in setters] piay. 3 
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4.3 Proolems of Intorpretetion and Confirmation: The Futwss of Bsrnoullian 


TEN theczy aay 
Ths Mosteiier-Nozes experiment brings up eane problems inherent 
in any attempt at an empirical application of utility theory. We havs 


ajludsd te these previously in section 1.3, but we are in a better posi- 


fion to discuss them oow with a scacrsts sxemrle of en ariteation before 
o ee 

i. As axnmplified by the rules "do not play a loms shot whem short of funds", 

Wick i6 justified by siwstexic consideraticns, but has ne jiuatifiieation if 


the oat vrvier consideration in considered in igolati vii. 
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€ uss “he Sdrgt Ghing to on noted ig thai, fusteller and Noges interpret 


“prefersice” and "“incifierenss" betwen two alternatives in terms of tae 
relative frequencies with which one is chogen over the other, There is 
nothing wong with this istorpretation, emept that the acdous for 
Bernoullian utilities vere justified om a differsnt teaais, ind thers is 
good veason to believe that at Least cas of them ~ A. = should not adid 
under tw relative freqaenney Aoterpratatcion., 

Aa the HeaialiereNogea experiment shis, even aside fron the 
problems dreelved xc. the relrtive f requaiiy interpretation of preference, 
there ‘ss anther Gorriamental difNevlty tvvoived in using utility theory 
h doce not ariaa under tha “Aafinition of rationality" 
jnterpratetion, This is tha difMeulty of determining the individual's 
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utility curves, [if preierviuces Loiwesl two acrnativos is interpreted 
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as mearing that ons is alwsys preferred to the other, then the individual's 
preference pelation can bs gradually constructed by observing hin in a 
variety of choice situations, Even there, hawever, it is not possible to 
comtveet the utdlitzy curve precissiy fron a finite mmber of obcervations, 
and, os a matter of fact; it is not even possible io locate army points on 
it preetoplr, unless the subjeet has besn obcerved in cltuaticons in which 
he ts tndiffersrd. betwean certainalternatives. As the reader will vecall , 
4n order to loeate some points on the abject’s utility curves in ths 
festeller-liugae experiment, 11 was necessary 69 use a5 approximation to 
fit values of muontyg ng tor woah the aivarnatave <x receiving n cents 
with prebability » and losing 5¢ with probabliity lep is held as indife~ 


fevant te mat betting, Wis, ab vhe wt ghacs of the theory. oven 


assuming that Rernowilian utility theory 42 “correct” in any of ite aypirt- 


v2. interpretalions. its cxredietivs ueefelrese ie vary ech Limited 
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tee Gifiewity of determining the utility foneticns of the people to wha 
22 ts te be epoljed. 
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Sheciies in getsral,; is a puychological theury. I+ is inmsdisteiy evident 
that it caimot be preaissiy correct. besaase cf the fuct that the esa=m 
tions smbodied in she axious canuot be precisely setisfiec. As a daserip- 3 
tive theory, it auffera from ths further defect that in orcasr for it to 

b8 applied, ar tested, it requiras ihe empirical determination of the 

utility fonvtiion, which dues ust depend oa cnly a small finite meer 

af perometese on ca many otier unesories, It wild este thst unissas saw 

geraral peveholeginal Laws ave dissovered., relating to an individual's 

utdiity supves, utility theory will oot be useful in predieting chofes 

behevier, oren thoagh 4% msy bs approximately correct. Tims, ths future ; 


of Rerucvlizan utility as e desoriptivea theary would appear to cepend on i 
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used to astermixs the utility curves in the Mosteller-Noge* ezverinent. 
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